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Summary, — The fragmentation probabilities of the heavy nuclei of 
cosmic rays have been investigated in carbon. Emulsion chambers con- 
sisting of carbon and photographic nuclear emulsions exposed in Japan 
(A= 25 °N) were used. The charges of the heavy nuclei with Z>3 were 
determined by measuring the 3-ray densities. The fragmentation prob- 
abilities into the light nuclei are Py; =0.35+0.08 and Py, =0.35+0.08. 
The abundances at the balloon flight altitudes observed by several groups 
were extrapolated to the top of the atmosphere by using the fragmen- 
tation probabilities in carbon obtained in the present work. The ratio 
of the light nuclei to the medium nuclei at the top of the atmosphere 
is probably in the range from — 0.1 to ~ 0.2. 


1. — Introduction. 


The composition of the heavy nuclei of cosmic rays at the top of the atmos- 
phere is an important information for deducing the origin of cosmic rays and 
the structure of the galaxy, and it can be discussed in relation to the origin 
of elements (**). Many workers have investigated, especially, the abundance 


(1) H. L. Brapr and B. Peters: Phys. Rev., TT, 54 (1950). 

(?) H. L. Brapr and B. Peters: Phys. Rev., 80, 943 (1950). 

(5) S. Hayakawa: Progr. Theor. Phys. 15, 111 (1956). 

_ (*) V. L. Gryspure and M. I. FRADKIX : Zurn. Eksp. Teor. Fiz. SSSR, 31, 523 (1956). 

(*) V. L. Ginspure: Usp. Fiz. Nauk SSSR, 62, 37 (1957). 

(*) H. E. Suess and H. C. Urey: Rev. Mod. Phys. 28, 53 (1956). 

() E. M. BurBIDGE. G. R. BURBIDGE. W. A. FOWIER and F. Horie: Rev. Mod. 
Phys., 29, 547 (1957). 

() M. KosxiBa, G. SCHULTZ and M. SCHEIN: Nuovo Cimento, 9, 1 (1958). 

(*) S. Hayakawa, K. Iro and Y. TERASHIMA: Suppl. Progr. -Theor. Phys. no. 6, 
1 (1958). 
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of lithium, beryllium, and boron in the primary cosmic rays during recent 
years (2:8,10-18); but their results are not in complete agreement. This discre- 
pancy seems to be due partly to the difficulty of accurate determination of 
the fragmentation probabilities of the heavy primary cosmic rays by air nuclei, 
as well as to the difficulty of accurate determination of the charges of heavy 
nuclei. The fragmentation probabilities have been investigated by several 
groups (2817-1923); but these results are not in complete agreement, either. 
Experimental data on the fragmentation probabilities based on many statistics 
were obtained for the case in which the nuclei of the emulsion were targets. 
Either the fragmentation probabilities obtained experimentally by analyzing 
the interactions having few heavy prongs from a target nucleus, say N, <6 
or 7, or the fragmentation probabilities by air nuclei inferred from experi- 
mental data of the fragmentation probabilities by all kinds of emulsion nuclei 
were used in extrapolation of the abundances of the heavy primary cosmic rays 
to the top of the atmosphere. In the former case, 43% of the events with 
N,<7 are known to be peripheral collisions with heavy targets in emulsion (1). 
A collision with the periphery of a heavy target nucleus in emulsion is not 
identical with a head-on collision with a light target nucleus. In the latter 
case, NooN and KAPLON (?°) extrapolated the observed fragmentation proba- 
bilities in emulsion to the corresponding values in air by using a simple model. 
However, this was only a simple method of extrapolation to the values in air, 
namely Noon and Kaplon’s own method, or Hisenberg’s (24). RADJOPADHYE 
and WADDINGTON (2?) deduced with care the values of the fragmentation pro- 
babilities by the light nuclei in emulsion from the experimental data in emul- 
sion, but these results were obtained by an experiment in which the kind of 
a target nucleus was not defined. 

In the present work, the fragmentation probabilities by carbon nuclei have 


(19) A. D. Darnton, P. H. FowLER and D. W. Kent: Phil. Mag., 48, 729 (1952). 
(11) M. F. Kapton, J. H. Noon and G. W. RACETTE: Phys. Rev., 96, 1408 (1954). 
(2) H. Fay: Zeits. f. Naturfor., 10a, 572 (1955). 

x 


. R. WEBBER: Nuovo Cimento, 4, 1285 (1956). 

. H. Noon, A. J. Hertz and B. J. 0°BrIEN: Nuovo Cimento, 5, 854 (1957). 
. H. StIx: Phys. Rev., 95, 782 (1954). 

. J. WADDINGTON: Phil. Mag., 2, 1059 (1957). 

CESTER, A. DEBENEDETTI, C. M. GARELLI, B. QuassiatI, L. TALLONE and 
ONE: Nuovo Cimento, 7, 371 (1958). 

ROCHESTER Group: Uchusen Kenkyu, Japan, 3, 75 (1958). 

K. GorTsTEIN: Phil. Mag., 45, 347 (1954). 

J. H. Noon and M. F. Kapton: Phys. Rev., 97, 769 (1955). 

P. H. FoWLER, R. R. HILLIER and C.J. WADDINGTON : Phil. Mag., 2, 293 (1957). 
V. Y. RasopapHYyE and C. J. WADDINGTON: Phil. Mag., 3, 19 (1958). 

V. D. Hopper, J. E. LABy and Y. K. Lim: Nuovo Cimento, 7, 552 (1958). 
Y. EISENBERG: Phys. Rev., 96, 1378 (1954). 
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been observed. As carbon nuclei are the closest to air nuclei, the author has 
regarded the fragmentation probabilities obtained by analyzing the interactions 
of the heavy primary cosmic rays in carbon as those in air. In order to ob- 
_ tain the fragmentation probabilities by carbon nuclei, emulsion chambers con- 
taining carbon plates were used. 

In this paper the heavy nuclei were divided into three groups: the light 
group, L, 3 < 2 <5; the medium group, M, 6 < Z < 9; and the heavy group 
Hy 10 7: 

With the values of the fragmentation probabilities by carbon nuclei, the 
abundances of the heavy primary cosmic rays at balloon flight altitudes 
obtained recently by the several groups have been extrapolated to the top of 
the atmosphere, as the balloon flight altitude in the present experiment was 
low, and was not appropriate to an observation of the abundance of the heavy 
primary cosmic rays. 


2. — Experimental procedure. 


Six emulsion chamber units were utilized, each unit consisting of nine 
carbon plates (20 cmx15 emx 0.8 cm) and nine Ilford G-5 coated photographic 
nuclear emulsions (20 cmx15 em 200 um), piled up alternatively. (All of 
these units were a part of the emulsion chambers exposed in 1956 as « Emul- 
sion Chamber Project» in Japan (?).) The exposure details were reported 
in ref. (29). The main feature of the exposure is that the emulsion chambers 
were exposed with horizontal orientation of the emulsion surfaces. The balloon 
flights were made at Shizuoka and Kobe (A= 25° N, probable cut-off energy 
of the heavy primary cosmic rays ~ 5 GeV/nucleon) at atmospheric depths 
from 25 g/em? to 50 g/cm?. 

A total area of 1800 cm? of the top emulsion plates were scanned, and 
tracks were picked out which have a 3$-ray density of > 2.5 per 100 um. 
460 tracks were found having this criterion, and they were followed through 
the emulsion chamber until they left the emulsion chamber, whether the inci- 
dent particle interacted in the emulsion chamber or not. Some of these tracks 
were not found in the next emulsion plate under the top plate when the tracks 
were followed to the next plate successively. This disappearance is due to 
the difficulty of following tracks to the next plate, caused by track distortion 
and stop of the low energy particles in the carbon plate just under the top 
emulsion plate. In the analysis of the interaction mean free paths and fragmen- 


(25) O. MINAKAWA, Y. NISHIMURA, Y. Tsuzuxi, H. YAMANOUCHI, H. Aizu, H. HASE- 
GAWA, Y. IsH, 8. TOKUNAGA, Y. Fusimoro, 8. HASEGAWA, J. NISHIMURA, K. Nv, 
K. NisHIKAWA, K. IMAEDA and M. Kazuno: preprint. 
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tation probabilities, therefore, the top emulsion plates were excluded. In the 
case where a track was found in the next plate, however, it was hardly diffi- 
cult to follow the track successively. The tracks of projected length < 50 um 
were excluded in the analysis because of difficulty of analysis, and also excluded 
were those of projected length > 500 um, because the particles passed through 
a large thickness of the atmosphere to undergo an appreciable amount of the 
ionization loss, and they might be not relativistic in energy, and because it 
was difficult to follow the tracks of such a large projected length to the next 
plate. 

To determine the charges of the heavy nuclei with Z >3, the densities 
of 3-rays with four or more grains were measured. To distinguish between 
protons, &-particles, and heavier nuclei with Z >3, the grain densities were 
measured. It could be assumed, as many other authors have done, that 
all the analyzed nuclei had relativistic energies because the cut-off energy of 
the heavy primary cosmic rays was especially high under our exposure con- 
ditions (A-= 25° N, cut-off energy ~ 5 GeV/nucleon). The 3-ray density of 
a relativistic nucleus with a multiple charge can be expressed as follows 


(1) N,= a2’? +b, 


where N, is the{3-ray density per 100 um. The 3-ray density was calibrated 
by using the secondary protons and «-particles resulting from the break-ups 
of the heavy primary cosmic rays. The secondary protons, «-particles and 
heavier nuclei with Z —3 were divided by the grain densities per 100 um, 
g: the protons, g < 2g,; the «-particles, 2g, <g <5g,; and the heavier nuclei 
with Z > 3, 59, < g; where g, was the plateau value of the grain density, and 
was found to be 21.3+0.3 per 100 um. As the separation among the 
protons, the «-particles, and the heavier nuclei with Z >3 by the grain den- 
sities was perfectly done, constants 4 and b in equation (1) were determined 
as follows by using the 3-ray densities of the secondary protons and a-par- — 
ticles: a= 0.096 + 0.013 and b= 0.100 + 0.035. 

Since it was not possible to observe the heavy prongs from carbon target 
nuclei, care was taken in identifying the interactions in carbon plates. At 
the time of following the tracks, the vicinities of the tracks were carefully 
scanned. The tracks which had an angular spread of < 3° from the direction 
of the track of the primary particle were identified as secondary fragments. 
These secondary tracks were nearly parallel, as the primary nuclei had 
high energies owing to the high cut-off energy of — 5 GeV/nucleon in our 
exposure conditions. Taking into consideration the fact that NAKAGAWA 
et al. (**) had observed energetic lithium fragments emitted from the nuclear 


(76) S. NAKAGAWA, E. Tamar and 8. Nomoro: Nuovo Cimento, 9, 780 (1958). 
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stars, other than in the evaporation process, amounting to 250 MeV, it is 
reasonable to take the angular spread of < 3° as the criterion of the secondary 
fragments. The mixing of z-mesons within such an angle is slight. In the 
case of Waddington’s experiment (16), 90% of the singly charged particles 
emitted within an angle of 5° were protons belonging to the incoming nucleus. 

Great care was taken in identifying the interactions producing one 
heavily ionized track and one thin track. In some cases one thin track atta- 
ched to the heavily ionized track is not a track made by a secondary proton 
from the heavy primary nucleus to be attributed to the nuclear interaction 
in carbon, there being a possibility for such a thin track to be a track made 
by a knock-on electron. The momentum of the knock-on electron is consi- 
derably lower than that of the secondary proton, and the multiple scattering 
of the electron is very large. Owing to this large multiple scattering of the 
electron, the knock-on electrons could be distinguished from the protons. The 
frequency of the knock-on electron which is emitted forwards with an angular 
spread of <3° from the direction of the track of the primary particle is 
> 2.4:10-4*Z? 9-1 em?, if the spin is not taken into account and if the kinetic 
energy of the heavy primary nucleus is ~ 3.5 GeV/nucleon. Several tens of 
knock-on electrons with an angular spread of < 3°, therefore, were expected 
to be observed in our case. Such a knock-on electron has a kinetic energy 
of ~ 18 MeV (when the primary energy is ~ 3.5 GeV/nucleon, and the angular 
spread of < 3°). The root mean square angle of the multiple scattering of the 
knock-on electron with kinetic energy of ~18 MeV amounts to ~ 0.3 radian 
after penetration of one pair of carbon plate and backing glass plate. Even 
if the knock-on electron had a kinetic energy of 270 MeV (when the primary 
energy is 10% GeV/nucleon, and the angular spread of 3°), the root mean 
square angle of the multiple scattering of the electron amounts to ~ 0.02 radian 
after penetration of one pair of plates; while in the case of the secondary 
proton with a kinetic energy of ~ 3.5 GeV by break-up of the heavy primary 
nucleus, the root mean square angle of the multiple scattering amounts to 
~ 0.001 radian. (In these estimations, the observed mean path length of the 
particles in penetration of one pair of carbon plate and backing glass plate 
was used.) Therefore, if a track underwent multiple scattering deflection of 
> 0.005 radian after penetration of one pair of plates, it was taken to be the 
track of the knock-on electron, and with this criterion, the knock-on electrons 
with a large angle deflection could be almost perfectly eliminated in identifying 
the nuclear interactions. The 46 knock-on electrons which were eliminated 
with this criterion have been observed. | 

112 interactions were found in which the heavy primary cosmic rays with 
Z = 6 had broken up. There were 5 events which were missed under the 
third emulsion plates in following the tracks, but they are few in proportion 


to the total number of interactions. It was expected to observe the events in 
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which the primary nuclei had broken up into thin tracks only. 9 events which 
had only thin tracks as a result of the interaction, were found among the 
112 events. An isolated thin track is apt to be missed on account of the high 
density of background fog and slow electrons, as will be shown in later dis- 
cussion. The 5 events which were missed in following the tracks can be re- 
garded as interactions of such a type. For the 5 missed events, the variation 
of the d-ray density along the tracks were measured. For example, in the event 
which showed the largest increase of d-ray density among the 5 events, the 
increase of the 3-ray density in the lowest emulsion plate with the track be- 
longing to this event over that in the top emulsion plate did not exceed 20%, 
and this is within the statistical error. On the other hand, if the heavy nucleus 
had stopped at the carbon plate, when the increase of the Ô-ray density is 
estimated using the relation between the range and the 3-ray density by 
BRADT and PETERS (27), neglecting the difference between carbon and emulsion 
caused by the density effect of the collision loss, then the increase of the 3-ray 
density in the lowest emulsion plate at the range not to exceed 1.9 g/cm? 
would have amounted to 110% in comparison with the 3-ray density in the 
top place at the range of 9.6 g/em?. Hence, it is apparent that these 5 events 
can not be considered to be stopped events, but rather missed events in which 
the primary nuclei broke up into thin tracks only. 

The final confirmation of the identification of the nuclear interactions was 
performed by comparing the observed interaction mean free path in our expe- 
riment with the empirical expression of the interaction mean free path given 
by BRADT and PETERS (1). 


3. — Results and discussion. 


The characteristics of each of the 117 interactions in carbon which were 
produced by the heavy primary nuceli with Z >6 are shown in Table I. 
The interactions with sodium, silicon, and oxygen nuclei in the thin backing 
glass (1.3 mm thick) could not be distinguished from the interactions with 
carbon nuclei, but this is of no great consequence, for sodium, silicon, and 
oxygen nuclei are few in number, compared with carbon nuclei in the emul- 
sion chambers, and not so different from carbon nuclei in size, as silver and 
bromine nuclei are. It is not inappropriate, therefore, to have to include the 
interactions with nuclei in glass. The interactions produced by the fragments 
from the other interactions are included in Table I. The interactions are 
listed according to the charge of the heavy primary nucleus. 


(*) H. L. BRADT and B. Pretrers: Phys. Rev., 74, 1828 (1948). 
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- TABLE I (continued). 
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In order to obtain the value of the fragmentation probability of the primary 
nuclei belonging to the L group, P,,, the 12 interactions in carbon which were 
produced by the L group fragments from other interactions were available. 
The characteristics of each of those interactions are listed in Table II. 


TABLE II. — Characteristics of each of the 12 interactions in carbon produced by L group 
fragments from other interactions. 
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As for the 117 interactions produced by the heavy primary nuclei with 
Z > 6, the observed primary charges were compared with the sums of the 
charges of the secondary particles with the angular spread of <3°. The 
distributions of the differences between the primary charge and the sum of 
the charges of the secondary particles with the angular spread of < 3°, 
AZ=Z,,— YZ. are shown in Fig. 1-a and Fig. 1-b for the H group and 
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the M group respectively of the primary nuclei. It seems that the large area 
of the positive region of AZ is due to having missed the thin tracks produced 
by the protons, for the isolated thin tracks were likely to be missed in the 
present experiment. When the incoming heavy nuclei have broken up into 
many secondary fragments, the detection of the heavy fragments, especially 
important L group fragments, is easy, and the protons are apt to be missed, 
but the missed protons are not so important to the fragmentation probabi- 
lities to be used in extrapolation of the abundance of the heavy primary cosmic 
rays to the top of the atmosphere. The determination of charges, however, 
becomes à problem. In order to obtain the correct fragmentation probabilities 
into the L nuclei, P,, and P,,. especially the correct determination of the 
charges of the L nuclei is important. At first glance, Fig. 1-a and Fig. 1-b 
seem to show that the charge determination is rough, but the spreads of the 
distribution are attributable mainly to having missed the protons, to the 
mixture of +-mesons, and to the inexact charge determination of the compa- 
ratively heavy nuclei. 

- In order to show the degree of accuracy in the charge determination, the 
distribution of the 3-ray densities N; for the individual nuclei with 3 < Z < 14 
which were used to obtain the fragmentation probabilities is shown in Fig. 2. 
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The 3-ray densities for the incident heavy nuclei and those for the fragments 
were collected without distinction, so the distribution in Fig. 2 does not re- 
present the distribution of the 5-ray densities of the incoming heavy nuclei. 
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The clear separation of the d-ray density peaks is observed as far as carbon, 
although the positions of the higher è-ray density peaks are not well defined. 
The positions of the observed peaks agree closely with the predicted positions 
from the charge calibration as far as carbon. The distinction between boron 
nuclei and carbon nuclei is important in the determination of the fragmen- 
tation probabilities into the L nuclei, P,,, and P,,,. In our experiment the 
charge determination undergoes little distortion as far as carbon. 


TABLE III. — Interaction mean free paths in the present work, together with calculated 
values in carbon. 


| Present work Calculated 
| 
jo Z Observed value in | Observed value in SA pr 
3 
SEOUR emulsion chambers carbon SR i 
| (g/em?) (g/em!) ea 
| | 
H 12.8 | 19.2 + 4.0 18.0 + 4.4 18.3 
M 2 29.3 + 5.9 28.3 + 7.0 24.0 
3 
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The observed interaction mean free paths in the emulsion chambers were 
(19.2 + 4.0) g/em? for the H nuclei and (29.3 + 5.9) g/em? for the M nuclei. 
To obtain the values of the interaction mean free paths in carbon, the modi- 
fication of the interaction mean free paths by eliminating the contribution of 
the backing glass is necessary. The observed interaction mean free paths in 
glass by BRADT and PETERS (?) were used in this modification. In Table III, 
the interaction mean free paths in carbon are compared with the values cal- 
culated by using the empirical expression of the cross-section proposed by 
BRADT and PETERS (') and confirmed by many experimenters (17:20-22,24,28) ; 


(2) o = (Rk; + R,—2AR)?, R=yr,A* (Ty 1345: 10-“rem), 


where R, is the radius of the incoming nucleus, À, is the radius of the target 
nucleus, and AR has the empirical value of 0.85:10-1 em. The experimental 
values are in good agreement with the calculated values within experimental 
error, so it can reasonably be concluded that there have been little mistakes 
made in the identification of the nuclear interactions. 


Taste IV. — Total numbers of fragments with Z>3, «-particles, and thinly ionizing 
particles, resulting from the break-wps of the heavy nuclei. 

Primary Number of Fragments | | 

nuclei interactions LPSC =. a = Mg Ne 

H | M L 
| 
57 10 | 16 20 76 169 | 
| | | 
M 60 | Bie As, Col 62 96 | 
lee. Og: LA 

12 Pi | SL 2 6. UL nea 


In Table IV are presented the total numbers of the fragments with Z > 3, 
a-particles, and thinly ionizing particles with the angular spread of < 3° 
(which are mostly protons from the break-ups of the primary nuclei). 

Table V shows the fragmentation probabilities obtained in the present 
work, together with those obtained by the several groups. In this Table V, 
it is shown that the fragmentation probabilities into the L nuclei, P,, and 
P,,, obtained in the present work, have intermediate values between the 
value obtained by the Rochester group and HOPPER et al., and those by the 
Bristol group, the Chicago group, and the Turin group. 


(28) F. B, McDonaup: Phys. Rev., 104, 1723 (1956). 
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It must be noted that the impact parameter may play an important role 
as regards the fragmentation of the heavy primary nuclei, the fragmentation 
being increased when the impact parameter decreases. Including peripheral 
collisions with the heavy nuclei, silver and bromine (when the fragmentation 
probabilities are obtained by picking out the interactions with N, <6 or 7 
in the emulsion), emphasizes the case of the large impact parameter, and would 
result in an overestimate of P,,, Pam; and P,,, and in an underestimate of 
Pr and Py. 

The abundances of the heavy primary nuclei at balloon flight altitudes 
observed recently by several groups have been extrapolated to the top of the 
atmosphere by using the diffusion equations given by KAPLON et al. (1): 


(3) dN;(2)/de = — N;(2)/A/+Y Nye) Pl, LI=H; M, I» 
LÉ 


where N(x) is the abundance of the I group nuclei after passing through 
x g/em? of air, and P,, is the fragmentation probability. The solutions are: 


W,,(#) = Wy, exp [— #/A,] , 


N,,(x) = ns exp | a] A] att (CET real Aa) [Nk exp sà a] Ax] a N,;(x)] 7 


(4) 
N (€) = N° exp [ 2/4] + (our Pa! Aa) [N& exp [— 2/4,] — Nu(0)] + 
+ (10/4) Pan + Par Poe seul Ara) (A exp [— 2/2] — Vy(0)]; 
where 
NIDI, 
PSA: De 
and 


À == Ax/(1 a 123) . 


The author has used the values of the fragmentation probabilities P,, in 
carbon obtained in the present work and the interaction mean free paths 7, 
in air given by KAPLON ef al. (#1), 1, — 18.0 g/em?, A, = 26.5 g/em?, and 
A, = 31.5 g/em? . 

The ratios of the abundances of the L nuclei and the H nuclei to the 
M nuclei at the top of the atmosphere, N°/N°, and N°/N°,, obtained by using 
our experimental data for the fragmentation probabilities in carbon are shown 
in Table VI, together with the ratios of the abundances at the top of the atmos- 
phere obtained by the other groups themselves. It may be concluded that 
the ratio of the abundances of the L nuclei to the M nuclei at the top of the 


Uci 
a 
a 
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atmosphere, N?/N%,, is in the range from ~ 0.1 to ~ 0.2, although it varies 
somewhat with the data of the abundances at balloon flight altitude of 
the particular group used. (The ratio N?/N%, by the Kobe group deviates a 
bit from this range.) = ae 


Taste VI. — Ratios of the abundances of the heavy primary cosmic rays at the top of 
the atmosphere. 


| ‘Plight Obtained by using Obtained by the 
| Le] y = 
Group | altitude the fragmentation other groups 
(g/em?) | probabilities in carbon themselves 
| | 
| 
Chicago (8) | 10 N3/N% = 0.22+0.07 N?/N% = 0.30+0.06 


N$/NMX= 0.42+0.08 N$/Ni = 0.42+0.08 


| Bristol (?’) | 15 N/N3 = 0.15+0.06 Nî [N = 0.37+0.07 
| N{/Nu = 0.4040.06 | Nu/Nx = 0.4140.06 

| | | 
Turin (17) | 17 NY/NS = 0.08 40.05 N?/NS = 0.30+0.09 
N}/NS = 0.54+0.09 NN = 0.51-+0.11 


| N?/NÿY% = 0.12+0.02 
Rochester (1) (*) = = (N?/NY% = 0.34+0.07) 
NU /N3 = 0.36 0.09 


Bombay (29) (**) _ 6.6 N°/NY% = 0.16 N?/N2, = 0.075+0.08 
NAN} = 2.81 NY / NS = 3.45+0.65 
Kobe (2°) (***) | 14 N?/Ny = 0:43+0.15 N'/NY = 0.27+0.06 


NN = 1.52-40.38 Ny/N3 = 2.46+0.54 


| (*) As the author did not have the observed data at the flight altitude, the abundances 
could not be extrapolated to the top of the a tmosphere by using the fragmentation probabilities 
in carbon. The value of the ratio NIN in parentheses is that obtained by using the frag- 
mentation probabilities given by the Bristol group. 

(**) Values obtained by the Bombay group itself were extrapolated to the top of the atmo- 
sphere from the zenith angle distribution. | 

(*+*) The fragmentation probabilities giv en by the Rochester group were used in the extra- 
polation by the Kobe group itself to the top of the atmosphere. 


In order to take into account the slight possibility—if indeed any—that, 
in our following the tracks, some interactions of the type by which the heavy 
primary nucleus broke up into one proton and one residual heavy nucleus 
might have been missed, an estimation was made of how many such inter- 


(29) M. V. Appa Rao, S. Biswas, R. R. DANIEL, K. A. NEELAKANTAN and B. PETERS: 
Phys. Rev., 110, 751 (1958). 
(39) M. MIYAGAKI: private communication. 
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actions would have been missed. Even if some of such interactions were missed, 
the number of the missed interactions would be at most 7 for the M group 
nuclei, judging from the difference between the observed and the calculated 
interaction mean free paths of the M group nuclei. On the other hand, for 
the H group nuclei, from such a judgment, it seems that no interaction of the 
H nucleus was missed. If the 7 interactions are added to the interactions of 
the M nuclei, the fragmentation probabilities will be the following: P,,, = 
= 0.15 + 0.05, P,,, = 0.34 + 0.07, and P,,, = 0.93 + 0.12, with the assump- 
tion that the charge distribution of the incident M nuclei in the 7 interactions 
is identical with the charge distribution of the primary M nuclei in Table I. 
Even using these values of the fragmentation probabilities, N?/N$, will be the 
following: the Chicago group, 0.24 + 0.07; the Bristol group, 0.17 + 0.06; 
the Turin group, 0.14 + 0.06; the Bombay group, 0.16; the Kobe group, 
0.46 + 0.15. The variation in the ratio of the abundance of the L nuclei to 
M nuclei, N?/N°,, resulting from taking into account the 7 interactions esti- 
mated as missed interactions, is not serious. 

It is important to know by using the ratios of the abundances at the 
top of the atmosphere how much of interstellar matter the heavy primary 
cosmic rays traverse from a source to the top of the atmosphere. It is neces- 
sary prior to that, however, to obtain accurate values for the fragmentation 
probabilities in hydrogen based on many statistics and without the bias in 
the impact parameter. 


* OK 
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for his constant interest and encouragement. We are indebted to Professor J. 
NIsHIMURA for his suggestions and discussions on this subject. Thanks are 
due also to Professor H. HASEGAWA and to Mr. K. NIU for their discussions 
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RIASSUNTO () 


Le probabilità di frammentazione dei nuclei pesanti dei raggi cosmici sono state 
studiate in carbonio. Si sono ‘usate camere ad emulsione consistenti di carbonio ed 
emulsioni nucleari esposte in Giappone (A=25° N). Le cariche dei nuclei pesanti con 
Z>3 sono state determinate misurando le densità dei raggi 3. Le probabilità di fram- 
mentazione in nuclei leggeri sono P,,, =0.35+0.08 e P,, =0.35+0.08. Le abbondanze 
osservate da diversi gruppi ad altezze aerostatiche sono state estrapolate alla sommità 
dell’atmosfera usando le probabilità di frammentazione in carbonio ottenute nel pre- 
sente lavoro. Il rapporto dei nuclei leggeri a quelli di peso medio alla sommità del- 
l’atmosfera è probabilmente da — 0.1 a — 0.2. 


(*) Traduzione a cura della Redazione. 
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Nuclear Interactions of Neutral K-Mesons of Long Lifetime. - II. 


V. Bist, R. CESTER, A. DEBENEDETTI, C. M. GARELLI, N. MARGEM (*) 
B. QUASSIATI and M. VIGONE 


Istituto di Fisica dell’ Università - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto il 7 Gennaio 1959) 


Summary. — This work follows a previous study of the interactions of 
long lived neutral K-mesons, already published. The increased statistics 
allows us to check the results previously obtained and to determine the 
cross section for charge exchange of the 63 particles in the eigenstate of 
strangeness — 1. 


1. — Introduction. 


In a previous work (paper I) ('), we studied the interactions of 0} in the 
modes 0° and 6°. In that work a volume of 8.5 cm? was scanned and a suffi- 
cient statistics was obtained to evaluate, at least as an order of magnitude, 
the flux of 0} particles incident on the stack, and their probability of inter- 
acting in the modes 0° and 6°. This was done starting from the number of 
K* and hyperfragments produced. 

The rather low number of K~ found, on the contrary, did not permit to 
evaluate the magnitude of the cross-section for the reaction: 


(1) PERS EC LD. 


(") On leave of absence from the Centro Brasileiro de Pesquisas Fisicas, Rio de 
Janeiro. 

(1) V. Bist, R. CESTER, A. DEBENEDETTI, C. M. GAKELLI, B. Quassiati, L. Tar- 
LONE and M. ViconE: Nuovo Cimento, 9, 864 (1958). 
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As very little is known (24) about the cross-section for charge exchange of K7, 
we decided to study this problem by means of the inverse reaction (1). To 
this purpose we made a more rapid scanning than the previous one, looking 
only for capture stars. In the additional scanned volume of 14.5 cm? we found: 


bo 
La] 


and 1 7’, 
Ko, 
x” captured at rest, 


= 


X* decaying at rest and 1 X* decaying in flight, 


[CS 


hyperfragments and 6 GOKS, 


all emitted from stars in emulsion. 

Adding these results to those of paper I it is possible, not only to calculate 
the magnitude of the charge exchange cross-section of 6°, but also to check 
the previous result on the ratio 0° mode/0° mode. 

Details on the exposure and methods for the particles’ identification are 
described in paper I which deals also with the problem of the possible neutron 
contamination. 


2. - Experimental results. 


The data of 6) interaction events found in the total scanned volume of 
23 cm? are given in Tables I, II-A, II-B, II-C. 

The features of the stars from which K~ and K~ are emitted are in agree- 
ment with the assumption that, these stars are produced respectively in the 
two interactions: 


(1) Oc Pa Ken, 


(2) MP tn—>K =p, 


In fact in Table I there are 6 cases (1, 2, 3, 4, 11, 12) that are readily inter- 
preted according to reaction (1) while the remaining stars, characterized by the 
presence of an energetic proton, can be due, as already pointed out in 
paper I, to a double interaction of the 6° inside the nucleus. 

In the stars emitting K~ (Table II-A) an energetic proton, in agreement 
with reaction (2) is always found among the prongs. 


(2) J. HornBosteL and G. T. Zorn: Phys. Rev., 109, 165 (1958). 

(3) F. H. Wess, E. L. Irorr, F. H. FEATHERSTON, W. W. CHuPP, G. GOLDHABER 
and S. GOLDHABER: Nuovo Cimento, 8, 899 (1958). 

(2) Report of the Annual International Conference on High Energy Physics at CERN 
(1958), p. 177. | 
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TABLE I. 
Parent star Strange partiele Caleulated kinetie |. a 
Strange energy of 6° from à 5 
Brent | - i i R E i 
n particle i Total visible | Angle in | Hinetie reaction gets 
produced | "0° kinetie | the LS, with | energy 0°+p>l++1 
Proms energy (MeV) | the 0° beam | (MeV) (Mel) 
1 K+ 1 85 43° 85 130 == 
ee | 
2 FR A 65 46° 41 95 = 
SU 1 74 163° 74 300 ss 
4 | Kt 1 28 70° 28 70 == 


| | One fast proton of 72 MeV 
DALEKS 5 130 142° 48 — kinetic energy is emitted from 
the parent star 


One fast proton of 254 MeV 
CSD) | ag 4 324 179° 48 — kinetic energy is emitted from 
the parent star 


One fast proton of 195 MeV 
TATA ESA eg 8 323 65° 6 — kinetic energy is emitted from | 
the parent star l 


One fast proton of 440 MeV 
SERI 6 547 139° 58 —- kinetic energy is emitted from 
the parent star 


One stopping x .of 34 MeV 
DIE 9 180 1 41 — and à proton of 71 MeV are 
emitted from the parent star 


One minimum ionization 
10 at 3 > 250 la ae 55 == track, not identified, is 
emitted from the parent star 


11 fia 1 86 26° 86 99 _ 


12 Ti 1 68 38° 68 157 — 
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| 


(*) From gap measurements. 
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TABLE II-A. 
Parent star Strange particle | Remarks 
rl ot Xl = = ms > 5 Capture star | 
n. od | ES E| FA |: __| On the capture | On the parent 
La = | —=+ ER |i | Visible | 
= © = E © |55)| no | star star 
s = SUITE 2s ag energy | 
A te = | Bee | (el) | 
| Pe | 
1 | K= | 8| 118|41|10500|127°| 2 | 23) One x+ of 22 MeV | da 
| 
(at | kinetic energy is | 
rest) | | emitted 
| | 
2 iti a | | | 
DI S270 |-65 | 24300) 88°} 3: | 48 = One grey track is 
(at | | probably due to an 
| 
rest) | energetic proton 
| 
3 | K~ | 10| 138| 8| 545 40°|(2+ | 52| One x of 52 MeV | = 
(at [recoil] | kinetic energy is 
rest) | emitted 
sa La ia ngi 
pe) = | 8 |>250] -2 62/129°| 3 | 31 | One = of 24 MeV | One relativistic 
(at | kinetic energy is | prong, not identi- | 
rest) | emitted fied, is emitted 
Geis ee) 256 32 | 7000! 128°|' 3. | 111 | LE One proton of 
(at 148 MeV kinetic 
rest) energy, is emitted 
Goa) Kee 4 104) 18 | 2600) 44° By | eal — One proton of 
(at 72 MeV kinetic 
rest) energy, is emitted 
UA OLE: 3 858365016100 107}; 2 11 | One x of 10 MeV | One proton of 
(in (6) kinetie energy is | 230 MeV kinetic 
flight) emitted energy, is emitted 
8 eee 183| 3 140} 99° 2 36 | One 7, Of 33 MeV | One proton of 
(at È kinetic energy is | 76 MeV kinetic 
rest) emitted energy, is emitted 


LR UL eet eee 
ed EAT 
AUDE 
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0 
: | 
TABLE II-B. | 
Parent star Strange particle | 
= = za | 
| — | 
Strange hal | Capture star or 
brent | particle visible | prigi OR a à decay mode Remarks 
no. | ar mission in L. §. 
produced | kinetic on energy length with the = 
energy (Mel) Cm) | 60 hoam |n0of Jade Mode of 
| (MeV) rons energy deca 
| P (Mel) ! 
SE È at 
1 |X" (at rest) | 102 no 65 | 12400 | 53° | 2 
9 |E> (at rest) | 10 | 246| no 4 | 110 | 158° | 4 6 Auger electron 
visible in the 
capture star 
3 |2- (at rest) | 73 no PRICE ENS 
4 |X- (at rest) | 7 | 50| no 4 90 | 25° | 2 | 108 
5 |Z7 (at rest) 150| no 10 | 430 |. 85 | 2 | 30 
ES | = 
6 |X” (at rest) }| 590 TE 27 S60 Nel 3 eae 46 
T.E (at rest) | 3| ‘214| no 36 | 4200 | 45 | 2 2 
8 |2 (at rest) | 68 no 33 |1410+ DINI 2 The x- suffers 
| +875 an inelastic seat- 
toring hefore being 
| captured at rest 
9 |X” (at rest) | 105 no 8 330 11204 16 
10 |X- (at rest) | >440| nt? 36 | 4200 | 69° | 2 | 72 
1 |X+ (decaying 134 no 134 | 29200 75? xt +p+7° 
in flight) 
2 |X* (decaying 72 no 72 | 1880 | 32° Z+ — p+n!| 
in flight) | nia 
3 |X*+ (decaying 155| no | 137 | 19900 | 160° Lt > ptr?! 
in flight) : 
4 d+ (decaying 18 no ~8 140 | 138° xt >p+r0 
in flight) | 
5 |X*+ (decayingi 152 no 85 | 19400 | 45° Xt > p+ 7° Range of the 
at rest) | proton: 1630 um | 
Interaction star 
no. of |Visibleen- 
prongs |ergy (MeV) 
“| 
6 |X+ (interact- 132 no 69 2200 | 154° 1 90 TÈ emitted from | 
ing in flight), the interaction star | 
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TABLE II-0. 


Farent star Strange particle | 
‘| Brent | Strange Total | nis | Angle Secondary star | 
no, | Particle | no | visible | sinof| Track | in LS. = {= Remarks 
produced | of | kinetic length with POI 
| a t Visible | Mode of 
| | prongs | energy | Pe (um) | the 0° LS energy ode 0 | 
(el) | beam | PES | (et) decay 
3 | J fee a = 
| 
2 2.2 |non mesonic — 


|} 1 [HF | 4 | 30] no | 380 | 61° 


| 
| | 84 | Kinematies in 
{ Î © | € € . . 
Die | lati |, 9 94 | no | 136 | 62° all sal” non mesonic| agreement with :| 


| P He, > 2p+-2n | 
(ST SHANE >172| Tr” | Su) OL ogre’ (IR non PA di — : | 
| 4 | HF. | 4 | 18 | no | 160 | 26° | 6 |11 [non mesonie = | 
| BA SRE |) 29 | 415 | no | 5 | 38° 2 69 por mesonie —— 5) 


| 
CERRI 70| no | 24 | 94 | 2 12 non mesonic) — | 
Ì 


In Table II-B the interactions leading to X* are listed. The events 1... 10 
are certainly =~ captured at rest: in two cases a relativistic track is present 
in the parent star, which can very likely be interpreted as a x*. 


3. — 6° flux (*) as deduced from charge exchange processes. 


In paper I an estimate of the 0° flux was obtained starting from the number 
of K* decaying at rest in the scanned volume. The result was depending on 
the estimate of the scanning efficiency. This was deduced studying the dip 
angle distribution of the light secondaries and should be taken as an upper 
limit since we assumed that all light secondaries with dip angle < 45° were 
detected. 

The scanning efficiency can also be derived from the known ratio K*/+ 
with the reasonable assumption that all + and 7’ decays have been detected. 
The increased statistics makes this calculation meaningful. 


(*) The expressions 0° and 6° flux are used for brevity and stand in place of 
number per cm? of 03 times the probability to be in the eigenstate of strangeness 
+1 and —1 respectively. 


nm 
Da 
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In the total scanned volume (previous work: 8.5 cm’, present work: 
14.5 em’) 3 + and 2 +’ were found. Taking for the K*/r ratio the value (5) 
11.5 we estimated the number of K* decaying at restin the scanned volume to 
be 62; that is (2.7 + 0.9) K*/em*. This has to be compared with the value 
N,+/em? =1.4 + 0.4 found in paper I and shows that the scanning efficiency 
has been previously overestimated. 

Since the additional scanned volume lies in the same region of the stack 
as the volume scanned in the previous research, the geometrical loss due to 
the finite size of the stack is that evaluated in paper I (89%) (°). 

The 6° incident flux integrated over the time of exposure turns out to be: 


Nxt 


Ce hee. = 25°170 = (4200+1400)/cm?, 


where /,, is the effective mean free path for charge exchange as calculated 
in paper I and the quoted error is the statistical one. 


4. — 6° flux (*) as deduced from the number of X- hyperons. 


An estimate of the 0° flux is done starting from the number of © captured 
at rest in the scanned volume. This calculation is now possible owing to the 
increased statistics. ; 

In the total volume 10 X captured at rest were found. This number must 
be corrected for scanning losses. These are mainly due to the fact that scanning 
by area for capture stars, Z, events and capture stars with one low energy 
prong were not detected. Events of this type were estimated by other 
authors (5) to occur in ~ 70% of all captures. Assuming 100% efficiency for 
detection of other kinds of capture stars, the number of 2 captured at rest 
in the scanned volume should have been 33. 

In order to deduce the primary flux from this number, we must estimate 
the percentage of interacting 6° giving rise to a XY which will be captured at 
rest in the scanned volume. This could be done by the following considerations. 

As in paper I we assume the 0° to be the charge symmetric particle of the 


(5) Proceedings of the Seventh Annual Rochester Conference, VIII-24. 

() For the discussion on the contamination due to strange particles produced 
by high energy neutrons, see Paper I, Sect. 8. 

(6) W. F. Fry, J. ScHNEPs, G. A. Snow, M. S. Swami and D. C. WoLp: Phys. 
Rev., 107, 257 (1957). 
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K° (°), so that informations on the cross sections and on the branching ratios 
in the strong interactions of the 6° can be obtained from the results on K- 
interactions. 

The elementary interactions of the 6° in emulsion are: 


(1) 0+p>2t+=° 
(2) > 9 +rt 
(3) Li 
(4) HD SN TT 
(5) EDs 
(6) +2 $n! 
(7) > AP +7 


To these, inelastic 6° reemission and charge exchange processes must be 
added; these can be estimated to be of the order of 10% of all 6° interactions (£). 

If we consider the bubble chamber data of ALVAREZ et al. (8) and make 
use of charge independence, we expect the fraction of interacting 6° giving 
as a product of the reaction inside the nucleus a 2 hyperon to be 24% (°). 

From the results on K~ interactions in complex nuclei (?) it is known that 
only 42% of charged hyperons are not converted in A° in nuclear matter by 
the reaction: % + 97= A°+ 97. 

The energy spectrum of the = emitted from the nucleus has been then 
calculated under the following assumptions: 


1) The centre of mass distribution of the produced =~ particles is iso- 
tropic. 


2) The 03 primary spectrum is that calculated in paper I (Fig. 1-b'). 


() Recently Pais (7) has proposed a scheme in which 0° and K (or 6° and K+) 
do not belong anymore to the same charge doublet. If this scheme is proved to hold, 
our calculations must be revised. 

(?) A. PAIS: Relative parity of charged and neutral K-particles. Preprint. 

(7) From the results of K- interacting in flight (°), the inelastic reemissions are 
estimated to occur in 4% of the cases. An estimate of the charge exchange cross 
section of 6° is given in Sect. 5 of the present work and is found to be of the order 
of (6+6)% of the total cross section. 

(8) L. W. ALVAREZ, H. BRADNER, P. FALK-VAIRANT, J. D. Gow, A. H. ROSENFELD, 
F. T. Sormitz and R. D. Tripp: Nuovo Cimento, 5, 1026 (1957). 

(2) If the decrease of the Z /X* ratio with increasing energy, as indicated by the 
Berne group (?), is confirmed, this percentage will have to be reduced and our calcu- 
lation revised. 
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From the total spectrum we have to subtract all the particles which did not 
come to rest before decaying, because they were not detected according to 
our scanning criteria. arm 

If we calculate the probability of a X~ to decay in flight as a function of 
the energy, it turns out that practically all hyperons having an energy greater 
than 100 MeV decay in flight and that the number of © captured at rest is 
9.5% of the total spectrum, that is 9.5% x24%x42% = 1% of all 6° inter- 
actions. 

Taking for the 0° interaction mean free path the value obtained for low 
energy K~ (3°), 2= 27 em, we obtained the 6° flux value: 


Rei ange. Be 
Po Cm? LES 


-27-100 = (3900-950) /em? , 


where the quoted error is the statistical one. 
The flux value obtained is in amazingly good agreement with the 0° flux 
and this supports the Gell-Mann and Pais scheme. 


5. — 69 charge exchange cross section. 


In the total scanned volume 16 K~ captured at rest were observed. 8 of 
these, followed back through the stack, were found to originate in emulsion 
from stars with a neutral primary. If we assume these events to be due to: 
the charge exchange of a 6° (*) an estimate of the cross-section for this process 
can be obtained. 

This calculation requires a rather accurate estimate of the losses in de- 
tecting K~ captures. These are due both to scanning losses and to the geo- 
metrical limitation arising from the finite size of the stack. 

The first effect was accounted for with the following considerations. 


1) 28% of all K~ captures (K > one prong stars, large stars (1°)) were missed. 


2) K~ captures occurring in the upper and lower layer of the plates are 
very difficult to observe. These layers have been estimated to be ~10% of 
the total volume. 


(9) E. LOHRMANN, M. Nixorié, M. SCHNEEBERGER, P. WALOSCHEK and H. WiN- 
ZELER: Nuovo Cimento, 7, 163 (1958); Y. EISENBERG, W. Kocu, E. LOHRMANN, 
M. NikoLit, M. ScHNEEBERGER and H. WinzeLER: Nuovo Cimento, 9, 745 (1958). 

(19) G. L. BACCHELLA, A. BERTHELOT, A. BonETTI, 0. Goussu, F. Levy, M. RENÉ, 
D. Revez, J. Sacton, L. Scarsr, G. TAGLIAFERRI and G. VANDERHAEGHE: Nuovo 
Cimento, 8, 215 (1958). K -STACK COLLABORATION: Padua Conference, II-5 (1957). 
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3) The scanning efficiency of other types of capture stars depends mainly 
‘on the dip of the primary K~ track. The dip angle distribution of the last 
| 50 um of the K~ tracks observed (16 including the ones coming from outside 

the stack) was analysed. The scanning efficiency can be estimated comparing 
the observed distribution with the true one supposed to be isotropic. The same 
analysis has also been made for 100 x- tracks whose captures at rest were 
| observed by area scanning carried on by the same observers (50 7=- in the 
same stack and 50 77 in a stack exposed to the cosmic radiation). In all cases 
the efficiency has been found to be — 65%. 


The total scanning losses amount then to 58%. 

The evaluation of the losses due to the finite size of the stack has been 
carried out as in paper I (Section 6) assuming an average energy loss 
AT|T=50% (*) and gives a geometrical efficiency of detection of 9%. 

The total number of K~ produced by charge exchange of 0° in the scanned 
volume is then estimated to be N,-= 210, that is N,-/em*—= 9. 

This leads to a 0° charge exchange mean free path in the energy interval 
(0--400) MeV of: i 


n. — (460+180) cm, 


where for the incident flux we have taken the value averaged over the results 
of Sections 8 and 4 and where the error is the statistical one. 


6. — Conclusions. 
From a study of the interactions of long lived 0$ in emulsion we have 
derived the following conclusions: 


1) The probabilities that 0? particles interact in the modes 6° and 6° 
are equal within the experimental errors. 


2) The cross-section for charge exchange of the 6° mode is of the order 
of (5--6)% of the total 6° inelastic cross-section. 


These conclusions are correct if charge independence in the conventional 
sense holds true. 


We are glad to express our thanks to Prof. G. WATAGHIN who planned 
and carried out the exposure at the Berkeley bevatron and helped us with 
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RIASSUNTO 


Questo lavoro è la continuazione di uno studio sulle interazioni dei mesoni K 
neutri a vita lunga, già pubblicato. La maggiore statistica permette di confermare 
i risultati già ottenuti e di determinare la sezione d’urto per scambio carica delle par- 
ticelle 03 nell’autostato di stranezza — 1. 
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Interaction of 4.2 Gev = -Mesons with Nuclear Emulsion. 


P. ABRAHAMSON (*), J. BEN-ARIEH and G. YEKUTIELI 


Department of Physics, The Weizmann Institute of Science - Rehovoth 


G. ALEXANDER 


Department of Physics, The Weizmann Institute of Science - Rehovoth 
Department of Physics, Atomic Energy Establishment - Rehovoth 


(ricevuto l’8 Gennaio 1959) 


Summary. — 1425 interactions of 4.2 GeV 7--mesons with emulsion 
nuclei, found by area scanning were studied. A total mean free path of 
(32.4 + 4) em was obtained. The mean multiplicity per star was found 
to be 1.72 for charged pions and 2.48 for fast protons. These figures were 
compared with the statistical model of Fermi. The angular distributions 
and energy spectra of the secondary particles were obtained and con- 
fronted with the corresponding results for 5 GeV x~-p interactions. 


Introduction. 


One of the basic problems in the study of the pion-nucleus interaction is 
the question whether this interaction can be described by a cascade of pion- 
nucleon and nucleon-nucleon collisions. In the present work the interaction 
of 4.2 GeV negative pions with emulsion nuclei is studied. The characteristic 
features of the pion-nucleus interaction, such as multiplicity, energy spectra 
and angular distributions of the secondary pions and protons are measured 
and compared with those of a pion-proton collision. The results obtained may 
serve both as a guide and a test for a comprehensive theory of a pion-nucleus 
interaction. 


(*) Now at the Technion, Haifa. 
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1. — Experimental. 


A stack of 60 pellicles of G-5 emulsion, each of 15 X7.5 x 0.06 cm? was ex- 
posed to the 4.2 GeV 7--meson beam of the Bevatron for the purpose of 
studying the meson interaction with the emulsion nuclei. The beam entered 
the stack from its 7.5 cm edge travelling in the emulsion parallel to the 15 em 
edge. The muon and electron contamination of the pion beam at the entrance 
to the emulsion was estimated to be — 5%. The beam was well collimated 
and its density was — 3300 particles per cm?, which corresponds to an aver- 
age of two tracks per one vision field of 100x100 um?. The low density ex- 
posure unfortunately made the measurements of relative scattering of the 
pion beam unpractical and we were not able to measure the pfe free of 
spurious scattering. In fact, multiple scattering measurements on individual 
tracks of 4.2 BeV pions described later, show that the emulsion used in the 
present experiment was not free of spurious scattering. 

For scanning purposes every track in the emulsion travelling in the di- 
rection of the beam with a blob density below 19 blobs per 100 um was con- 
Sidered as a 4.2 GeV pion. Five plates were scanned under low power mag- 
nification for stars produced by the 4.2 GeV pions. Only stais with the fol- 
lowing criteria were accepted for the analysis. 


a) The stars were found at least 50 um (unprocessed emulsion) from the 
surface or glass of the plate, and at least 3mm from any cut edge. 
b) The stars had a visible pion primary. 


The stars were classified and analyzed according to the ionization value 
of their prongs. In order to ensure that no light ionizing tracks were missed 
in the first scan a second scan has been performed on the stars found and an 
appropriate correction has been applied. 


TABLE I. 
Nuclear 
= Gi aes 0 1-2 3—5 6 _ Total 
No. 8 5 14 20 45 92 
Along the track scannin 
8 Senna Las 9 5 15 22 49 100 
ix . No. 0 0 95 403 930 1425 
RUE TTL a) % 0 0 5 21 49 75 
EDWARDS et al. (6) = 
Alongthetrack scanning D 13.4 21.4 22.1 43.3 100.2 
The percentage figures were calculated on the assumption that the scanning efficiency for 
stars of N, = 3 is 100%. 
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It is known that under low power magnification area scanning is not effi- 
cient for the detection of scattering events and stars of N,<2. To obtain 
an unbiased sample of interaction events 29.82 meters of pion track were fol- 
lowed under high power magnification for nuclear events. In this way 92 nu- 
clear events were obtained, including nuclear scattering events, and they are 
classified in Table I. Comparison of the two scanning methods shows that 
while in area scanning scatters and N,=0 stars are missed completely, 1 and 
2 prongs events were partly found and all stars with N, = 3 were observed. 


2. — The interaction mean free path. 


The interaction mean free path 2 of 4.2 GeV negative pions in nuclear 
emulsion was evaluated in two ways: 


a) by measuring the average distance travelled by à particle before it 
produced a nuclear interaction and 


b) by measuring the attenuation of the pion beam in the nuclear emulsion. 


The first method involves the knowledge of the pion beam purity. In the 
present experiment the beam consisted of 95%, pions, the rest being electrons 
and muons. 29.82 meters of pion tracks were followed and 92 nuclear events 
were discovered of which 8 were nuclear scattering. This corresponds to a 
mean free path of (32.4 + 4) em for all types of events and (35.5 + 4) em 
for absorption only. 

The attenuation of the pion beam was measured by the attenuation of 
the pion produced stars in the emulsion. The nuclear interactions found in 
the scanning were divided into two groups according to the distance «, tra- 
velled by their primary pion in the emulsion. 788 stars with primaries length 
of (0.3 < 4, < 7.2) cm were assembled in group I and the 637 with primaries 
of (7.8 < æ, < 14.7) em were assembled in group II. Now as all primaries 
have the same potential range in both boundaries, the expected ratio 637/1425 
is equal to exp[—a/A] where a — 7.5 cm is the distance between the mid 
lines of the two boundaries. In this way an interaction m.f.p. of A=(35.4-44) cm 
was found. This last value is independent of the scanning efficiency as long 
as the efficiency is the same for both boundaries, which is the case in the 
present experiment. 

Shadow scattering of small angles is of the same order of magnitude as 
the angular dispersion of the beam and will not contribute to the attenuation 
of the beam in the nuclear emulsion. Hence the m.f.p. of 34.5 cm obtained 
from the beam attenuation corresponds to the m.f.p. for nuclear absorption. 
Our results are compared with those of others in Table II. 
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TABLENTI: 

Author En (GeV) total (cm) abs (em) 
SCHEIN el (1) ne SC) 35.5 +5 — 
CLARK and MAJOR (?) . 42 () 31.9 + 4.7 (**) 38.7 + 3.5 
MARQUES et al. (5) . . 4.3 (*) 33.7 + 4.7 36.2 + 4.7 
a al 4.3 (°) 32.4 +4 35.5 +4 

resent experiment 42e) a 35.444 
(*) By scanning along the track. 
(**) CLARK and MAJOR applied a correction of 30% for missing cases of scattering, and 
obtained a value of 27.1+2.4 cm. 
(*.*) By attenuation measurements. 


8. — Measurements. 


31. Classification of stars. — In course of the scanning procedure, in each 
star the number of prongs has been counted and divided visually into three 
classes: 


a) Shower particles denoted by s; 

b) Grey prongs denoted by g; 

c) Heavy ionizing prongs denoted by h. 
It was found later on, when accurate measurements were done that this visual 
classification was very much the same for the different observers. Hence we 
could assign a correspondence between the visual division 


JE 4XI 


min 


ae ZI dre << dh; << 

where J,,,, is the minimum ionization value. In addition to this classification 
the dip angle and the projected angle were taken for all s and g prongs and 
for the primary pion. These measurements were used to determine the spatial 


angular distributions of the different particles. 


3°2. Calibration of the stack. — In all the plates used in this experiment a 
ionization evaluation has been done on the primary pion beam tracks by means 
of blob counting. On the average in each plate a total number of 4000 blobs 


(1) M. ScHEIN, D. M. Haskin and R. G. GLASSER: Nuovo Cimento, 3, 131 (1956). 
(2) J. O. CLARK and J. V. Mayor: Phil. Mag., 2, 37 (1957). 
(8) M. MARQUES, N. MaRGEM and G. A.B. GARNIER: Nuovo Cimento, 5, 291 (1957). 
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on 4 tracks was counted and a mean b_- has been found. The value obtained 
In the different plates did not differ more than 3% from the average. This 
| 4.2 GeV pion beam ionization point was however not suitable as reference 
| point as the ionization behaviour in the relativistic rise region is not well 
| known and no accurate experimental calibration has yet been made. Hence 
| we scanned the stack for u +e decay events and determined the « plateau » 


| value which was then reduced to the minimum value by the ratio b,,/b,.,=1.12 
(Reference (#)). As some of the ionization evaluations were performed by blob 
| counting and some by grain counting, it was necessary to convert the blob 
| data into their grain equivalent. This was done by the use of the known re- 
| lation g= bexp[K/G], @ being the mean gap length and K a constant that 
| was determined experimentally by counting blobs and grains on a few tracks 
in different plates. 


33. Ionization measurements of the prongs. — All s and g tracks emerging 
| from the interaction stars were subjected to ionization determination provided 
| they had a potential range of not less than 3 mm in the plate. 

The tracks assigned as s tracks were blob counted as this method seems 
more reliable (Reference (4)) and depending less on the observer than grain 
counting. The blob densities thus obtained were converted to grain densities 
and normalized to the minimum value. 

The tracks classified under g particles were not suitable for blob counting, 
and grain counting was preferred. To eliminate the personal differences that 
are known to exist in grain counting, each observer calibrated the plates he 
used. All tracks that were found to have a ionization value exceeding the 
value of 4xg,,, were not included in the analysis. Few particles were traced 
to rest and the energy determined by the range confirmed the energy value 
obtained by ionization determination. Throughout this work we assumed a 
statistical error of 3% on the ionization value obtained by grain and blob 
counting. 


34. Multiple scattering. — Multiple scattering was measured by the co- 
ordinate method on Cooke M4000 and the results were evaluated automatically 
on the wEIZAC electronic computer. We used a standard programme which 
evaluated the results measured on a basic cell s and multiples of this basic 
cell (1s, 2s,..., 8s). During this procedure a 4D rigorous rejection was used, 
and a noise elimination for 2s to 8s against 1s was carried out. At the same 
time the statistical error of each x was computed. A set of Tx of different 
cell size was obtained for each track, of which we chose one which was already 
in the convergent region and had a sufficiently small statistical error. 


(4) G. ALEXANDER and R. H. W. Jounston: Nuovo Cimento, 5, 363 (1957). 
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A sample of 38 primary 4.2 GeV pions tracks were subjected to multiple 
scattering on basic cell of 400 um and evaluated up to 3200 um and a value 
of (3.7 + 0.4) GeV was obtained for the highest cell size. The results indicate 
a certain amount of noise and spurious scattering which hindered measure- - 
ments by multiple scattering on tracks of pfe above-1.5 GeV with the present 
experimental condition, 

All tracks that were subjected to ionization measurements were scattered. 
The s particles on a basic cell size of 100 um and the g particles on a basic 
cell size of 50 um. The results were used only for identification purposes, while 
the energy was estimated by the ionization value. 


3°5. Identification of the secondaries. — The number of the K-mesons to 
be produced in the interaction of the 4.2 GeV pion with nucleons is very small 
and estimated to be not more than few per cent of the charged secondaries 
(References (5), (°)). Hence in this work K-meson production was not consi- 
dered, we assumed throughout the present experiment that charged particles 
were either protons or pions. 

Identification of a secondary to be either a proton or a pion was determined 
by the pfe versus ionization method, using the calibrated curve obtained by 
ALEXANDER and JOHNSTON (*). This method could be applied for values of 
ppe below 1.5 GeV where in this experiment the noise and the spurious scat- 
tering was of no importance; particles with a pfc value above 1.5 GeV and 
with g > 9,,, were left unidentified. 

The identification bas been performed in the following way: 


a) Particles having an ionization value above the minimum, their mass 
was determined by the pce versus ionization method and identified accordingly. 


b) All particles with minimum ionization were identified as pions. 


In this way only protons within the energy region of 94< E, <1000 MeV and 
pions of energy 14 < E_< 1400 MeV were identified. (1400 MeV is the energy 
of a pion with a ionization value of — 1.03 X7,,,, according to STILLER and 
SHAPIRO (7)). The energy of the identified particles was determined by the 
ionization value where it was possible, namely for g © 1.03 xg,,,, and by mul- 
tiple scattering for pions of minimum ionization up to 1250 MeV. 


3°6. Geometrical correction. — The selection criterion that only tracks with 
a length of more than 3 mm per plate were accepted for measurements intro- 


(5) G. MAENCHEN, W. B. FowLER, W. M. Powezz and R. W. Wricut: Phys. Rev., 
108, 850 (1957). 

(6) B. P. Epwarps, A. ENGLER, M. W. FRIEDLANDER and A. A. Kamat: Nuovo 
Cimento, 5, 1188 (1957). 

(7) B. Srizter and M. M. SHAPIRO: Phys. Rev., 92, 735 (1953). 
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duced a geometrical bias. This bias depends on the angle Ÿ that the secondary 

makes with the direction of the primary r-meson. A correction factor F(®) 

was calculated on the assumption that tracks with the same angle Ÿ are equally 

distributed around the direction of the primary pion. F(ÿ) expresses the 

fraction of the secondary particles with the angle Ÿ that are measurable; its 
| values are shown in Table III. 


TABLE III. 


1 sin 4 F(d) 
æ > l sin 4 1 
2 1 1 , % 
24 — x > 1 sin 8 > x —-+ — are sin - 
D Tr 1 sin gd 
: 1 i % . (2d —ax 
Isin9>x; 24—x —|arc sin - = are Sin 
It Isin à l sin 
where: « = depth of the emulsion from the surface in mm; 
4 =3 mm, minimum track length accepted; 
2a= 0.6 mm, the emulsion thickness (unprocessed). 


4. — Results and analysis. 


41. Angular distributions and energy spectra. — In Figs. 1 and 2 the angular 
distributions of secondary particles identified as pions and protons are plotted. 


st 0 4 int L 
Go +05 7:co50 0 0 10 +10 +057:cos50 0 05 -10 
Fig. 1. — Angular distribution of secon- Fig. 2. — Angular distribution of secon- 
dary pions. dary protons. 


The median angles of the distributions Ÿ, are 33.5° and 32.3° respectively. 
If we assume that all pions are ejected forward and backward with the same 
probability from a single center of mass system, moving with a velocity B,, 


a 3 - Il Nuovo Cimento. 
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1 i L 
100 200 400 MeV 1000 


Fig. 3. — Energy spectrum of 
secondary protons between 100 
and 1000 MeV. 


then the following relation is valid: 


7 VIRE. 

Using the results of Ÿ, obtained for the pions 
one finds a value of y= 1.55. Assuming 
that all the pions emerged from a single 
collision between a pion and a particle of a 
mass M at rest and equating the velocity 
of this center of mass with the one obtained 
from the angular distribution, one finds for 
the mass of the target particle a value of 
M= 1.5 GeV. If indeed all mesons were 
produced in a single pion nucleon collision, 
the expected mass should be 0.94 GeV, the 
nucleonie mass. The higher mass value of 
1.5 GeV obtained indicates that the pions 
were produced either in more than a single 
two particles collision, or in a collision in- 
volving more than two particles. 


The energy spectra of the protons and the pions emitted from the inter- 
action between the 4.2 GeV z-mesons and the emulsion nuclei are shown in 


Figs. 3 and 4. 


The pion spectrum is extended only up to 1250 MeV and 


contains 97% of all secondary charged pions. The spectrum is compared with 
that obtained from MAENCHEN et al. (5) for 5 GeV x-p interaction, where only 


66% of the produced pions are lying 
in the region below 1250 MeV. Iv is 
interesting to observe that more 
pions emerge at low energy (E_< 
< 320 MeV) from the 4.2 GeV z- 
nucleus interaction, and this in spite 
of the fact that the number of pions 
emerging from a star is lower than 
in the case of the 5 GeV x-p in- 
teraction. 


Fig. 4. — Energy spectra of. seconda- 

ry pions between 20 and 100 MeV. 

Present experiment; 
MAENCHEN et al. 
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42. Meson production. — The identified particles were corrected for the 
geometrical bias and the average number of pions and protons for all s and 
g particles were found to be x(s+g)=—0.41 and p(s+g)= 0.59. In our star 
sample found by area scanning the average number of s+g tracks per star 


is 4.2, which means, 1.72 charged pions and 2.48 protons are produced per 


interaction. For comparison with these experimental figures, the number of 
charged pions and protons produced in single collision of a 4.2 GeV 7--meson 
with a representative emulsion nucleus (A = 74.1; Z — 31.9) were calculated. 
These calculations were carried out according to the statistical model of Fermi 
and charge independence assumption for E__ = 4.2 GeV in two cases: 


a) The interaction volume corresponds to the pion Compton wave length 
iS 


b) For a larger interaction volume of R = 1.19 x Ry, corresponding to the 
volume needed to give at 5 GeV 7--meson interaction the multiplicity of 
pions found experimentally by MAENCHEN et al. (°). 


The results are summarized in Table IV. 


TABLE IV. 
4 , Theory 
Secondary particle | Present experiment 36 A 
Ro TSX fo 
me veal 1.87 2.1 
p 2.48 | 0.41 0.42 


It appears from Table IV that the number of pions that emerge from inter- 
action at 4.2 GeV with an emulsion nucleus is smaller than the expected one 
from a pion nucleon interaction at the same energy. 


43. Multiplicity. — The observed stars found by scanning were divided in 
groups of h (evaporation prongs), and for each group the average number of 
shower particles <s> and grey particles <g> were calculated. The results are 
presented in Table V. As we known from comparison with the sample of 
stars obtained by along the track scanning, the first group of N,< 2 is de- 
tected only with an efficiency of ~ 25% while the other groups have a de- 
tection efficiency of about 100%. An interesting feature of the data is that 
<s> is almost constant for stars of small and large N,, while <g> is increasing 
with N,. If we discuss the pion nucleon interaction in terms of a pion nucleon 
cascade, the number of non-evaporation protons is not more than the number 
of collisions in the cascade. In our case all s and g particles identified as 
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protons are of energy above 94 MeV and hence are of non-evaporation nature. 
Now the average number of nucleons ejected per star with energy above 94 MeV 
will be Ny, = (A/Z)(<P>an — <P>wu) + 1; where <p>,,, is the average number of 
protons ejected in a pion-emulsion nucleus collision, and <p>,, = 0.41 (see 
Table IV) is the average number of protons ejected in a pion-nucleon inter- 
action in the emulsion nucleus. 


TABLE V. 

hae geese ss 6-8 OSS 12-15 >6 
8 | 2.18 2.24 2.39 2.24 2.12 2.03 
g 1.18 1.26 1.85 2.50 3.10 3.40 
s+9 3.36 3.50 4.24 4.74 5.22 5.43 
SIERO ae DOTI, | 2.07 2.50 2.80 3.08 3.20 
Nia 4.72 | 498 6.03 6.76 7.35 7.70 

(*) Dis+9)= Dem: 


The number of <p>,,, can be estimated in the following way for the dif- 
ferent star size. The number of identified protons among the s+g particles 
is given in Section 42 and is equal to 0.59. This ratio is not necessarily the 
same for small and large stars, however, as the number of identified protons 
is too small to be divided according to N,, we took the above figure of 0.59 
to obtain the value of <p). for all the different star groups. The values of 
N,, and <p>,, = p(s+g) calculated as above are given in Table V. 


5. — Conclusions. 


In concluding one has to bear in mind that our results are obtained from 
a special sample of interactions, namely including all stars with NW, > 3 and 
30% of the stars with N,=1,2. These,nuclear events constitute only 75% 
of all emulsion nucleus interactions, and are made of those interactions in 
which the energy transfer to the nucleus was rather large. 

Both the angular distribution and the energy spectrum of ejected pions 
show that these pions are the result of a complex interaction between the 
primary pion and the nucleons in the target nucleus. The results presented 
in Sections 42 and 43 may serve as a guide to a cascade model in the x 
nucleus interaction. The constant value of <s> for the different groups of 
stars with different N, and the observation that pions produced in z-nucleus 
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interaction are not more than in z~-p collision, show that pion production 
takes place mostly in the primary z-nucleon collision. In the further stages 
of the cascade, processes of pion production and absorption do not change 
appreciably the pion multiplicity, but energy is transferred from the pions 
to the nucleus. This process is reflected in the large number of low energ 

pions emerging from the interactions. The marked increase of p(s +9) with 
N, show that in the second and later collisions mostly nucleons are added to 
the cascade. From the average number of the fast nucleons (H, < 94 MeV) 
emerging, one may estimate the number of high energy collisions that take | 
place in the cascade. This number ranges from 4.72 for stars of N,= 1,2 
up to 7.7 for stars with N, 16, with an average number of 6 collisions per 
cascade for the present star sample. 

Actually more collisions from which nucleons with energy below 94 MeV 
emerge, take place in the cascade. Part of these low energy nucleons escape 
the nucleus barrier and contribute directly to the h prongs, others are trapped 
to excite the nucleus. Subsequently the nucleus is de-excited by an evapo- 
ration process in which low energy nucleons and other low A particles are 
ejected. The charged evaporation particles make the majority of the h prongs. 
A comprehensive understanding of the experimental results, however, calls for 
a detailed study of the cascade development in the nucleus, which will take 
in account all the possible elementary interactions. Such a study programme 
will be even more important for interactions in higher energy range than the 
one dealt with here, where the production of Mesons may occur in considerable 
amount in all the cascade stages. 

The plates used in this experiment were kindly supplied by the Rochester 
emulsion group, for which we, thank Professor M. F. KAPLON. We wish to 
acknowledge the assistance of the scanning team, consisting of Mrs. R. GOTTES- 
MANN, Miss R. HERZOG and Mrs. E. MASHIACH. We are also grateful to Mr. E. 
Bogart for participating in part of this work. 


RIASSUNTO (*) 


Si sono studiate 1425 interazioni di mesoni x- di 4.2 GeV con nuclei dell’emul- 
sione trovate con esplorazione areale. Si è ottenuto un cammino libero medio totale 
di (32.4+4) em. La molteplicità media per stella fu trovata di 1.72 pei pioni carichi 
e 2.48 pei protoni veloci. Tali cifre furono confrontate col modello statistico di Fermi. 
Si sono rilevate le distribuzioni angolari e gli spettri energetici delle particelle secon- 


darie e confrontate coi corrispondenti risultati per le interazioni n--p di 5 GeV. 


(*) Traduzione a cura della Redazione. 
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Asymptotic Conditions in Quantum Field Theories. 


G. F. DELL’ ANTONIO and P. GULMANELLI 


Istituto di Scienze Fisiche dell’ Universita - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 9 Gennaio 1959) 


Summary. — On the ground of quite general hypotheses, as Lorentz inva- 
riance of the theory and causality, and restricting oneself to the case 
in which no zero-mass particles occur, one proves that it is possible to 
define in the ordinary field theory « asymptotic states» according to HAAG. 
The proof is mainly based on the integral representations of the gener- 
alized singular functions. 


1. — Introduction. 


Many efforts have been made in the last few years (1) to work out formu- 
lations of field theories in which the «asymptotic states » (i.e., the states in 
the remote future and past) are introduced in a clear cut way. In Haag’s (1) 
approach, this asymptotic states are shown to exist, provided a suitable as- 
sumption is made on the space behaviour of certain vacuum expectation values, 
in which all times are taken equal. In the particular case in which the state 
is composed.of only two «localized systems », it is moreover proved that general 
requirements, such as causality, Lorentz invariance and simple spectral con- 
ditions, are sufficient to assure the correct space behaviour. The purpose of 
the present note is to extend the proof to the general case, in which an ar- 
bitrarily large number of «localized systems » is considered. 


(*) K. NISHIJIMA: Progr. Theor. Phys., 10, 549 (1953); 12, 279 (1954); 18, 305 (1955); 
Phys. Rev., 111, 995 (1958); H. EKSTEIN: Nuovo Cimento, 4, 1017 (1956); R. Haac 
(preprint and Varenna lecture notes). See also H. LEHMANN, K. SymManzik and W. Zi- 
MERMANN: Nuovo Cimento, 1, 205 (1955). 
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2. — Basic assumptions and definitions. 


The theoretical scheme we shall use stands on the following postulates: 
«) The whole theory is Lorentz-invariant. 


6) The energy-momentum four vector associated with a physically real- 
izable state lays in the future light cone. 


y) Apart from the vacuum, there is no other state belonging to a zero- 
mass representation of the inhomogeneous Lorentz group. Our proof is thus 
restricted to theories where no zero-mass particle exists (2). 


0) All relevant theoretical quantities can be written in terms of a com- 
plete system of operators A,(v); for the sake of simplicity we shall suppose 
all operators to be scalar quantities. 


e) The operators 


(1) O(a) = I aa 


where g(z) is a Laurent-Schwartz function (infinitely differentiable and with 
finite support), are local observables. 


n) Causality is built in with the aid of the commutation relations: 
{2) [A,(a), A;(y)] = 0 for (a — y} > 0. 


(Here, and in the following, the metric is 4? — x? — 2°.) Since A(z) need not 
have a direct physical meaning, postulate 7) could turn out to be too stringent. 
We shall not go further here into this problem. 


0) Finally, quantities as 
(3) <0|C,; @1) --- C; (@n)|O 


are assumed to be finite for any configuration of the points 7, ..., æ,. 
We now turn to the «spatial condition » which plays a fundamental role 


in Haag’s approach. 
Using completeness, formula (3) may be written as follows 


(3') D <O| Cs, (1) lan) | Cs, (02) |a) «++ Con | Cs, (02) 10). 


Da An—1 


(2) See however, in this connection, note (5). 


951 


40 G. F. DELL’ANTONIO and P. GULMANELLI 


Call « truncated part » of (3') what survives when all those terms are sub- 
tracted in which at least one of the intermediate states x; is the vacuum state (*). 
With this notations, the «spatial asymptotic condition » is given the folowing 
form 


ayy lim R"<0| 0; (#1)... C:-(an)}{O, =0 (e =a3=... =a) 
A Ro 
for arbitrary m. 
T stands for «truncated», and À is the radius of the smallest sphere 
enclosing all points 2, ..., æ,. 
We want to show that condition (4) is verified in those field theories, which 
satisfy postulates «),..., @). 


3. — On the reduction formulae for the singular functions. 
We shall start proving the following formula (*): 


(4) lim B"<0|A; (@;)-.-Ai(@n)[0,=0 (== = DOC 


R_->o 


To prove (4') we shall use an integral representation of vacuum expectation 
values of field operators, worked out in great detail by KALLÈN, WIGHTMAN 
and WILHELMSSON (5). By means of this representation, we can write (nota- 
tions are the same as in K.W.): 


(5) <0] 44 (#4) Angle) = if. (Tian, 61 au) AS? (E; dn); 
1 
oe hl 


where = %,—%,4, and 


(5°) On > 0 (k, L= 1; 5008 


(5) This definition is equivalent to that given by Haag. 

(4) In the following we shall treat the L.h.s. of (4') as if it were a function. Strictly 
speaking it is a distribution: it is possible, however, to regard it as a limit of a fune- 
tion, when some suitable parameters e; are let go to zero. As the lim commutes 

R_-> 0 
with lim (modifications occur only in the neighbourhood of the light cone), the 
€;>0 
asymptotic behaviour we shall deduce is valid in a « strong sense » for the distribution. 

(5) G. KALLÉN and A. WIGHTMAN: preprint (1958); D. HALL and A. WIGHTMAN: 
Dan. Mat. Phys. Medd., 31, n. 5 (1957); G. KALLÉN and H. WILHELMSSON: preprint 
1958; hereafter referred to as K.W. È 
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The «generalized function » 44, is defined as follows: 


n+1 
(6) Fi Se (645 Au) = 


= nl Jen ve dp, exp [i D prb] IT (px Di + Aer) TT 0 (px) - 
kR<I k 


The lower limits of integration in (5) and the related condition (5)’ are a 
consequence of postulate y) and of the definition of « truncated part ». 

It is easily seen from (5) that the spatial behaviour of the vacuum expecta- 
tion values may be deduced from that of the corresponding « generalized func- 
tion », provided the commutability of the operations lim and Î days is 
assured. Eee 

We state now the following lemma, the proof of which is given in Ap- 
pendix I. 

Given N+1 points x, in a three-dimensional space (5), it is always pos- 
sible to find a permutation k,,..., ky,, of the indices 1,..., N+1 and three 
vectors 41, Y, Yz in such a way that the following four relations hold 


3 


(7) = DI Cia 3 E e {8} ; E= x, Cr, 3 
at 

where 

(8) Os ep <1 


for each value of the indices è, x; 
(9) é > RE, > Yo Ry (= be 23) (= EN 
(10) E > RE, = as SL) ; SLAM EN) (a=1,2,3,), 


where f,(R)=R for R large enough. 

As a consequence of (9) and (10), lim c,,70 («=1, 2,3) for at least one 
value of the index 1. ea 

By means of (7), (6) may be written as follows: 


Ca ae (e335 Gr) = 


nr 3 n 
PE J--fan … Up, exp [è D, PaYa] TI Ope Pr + Aer) TE 9(px) è 
2x)" : i i 


ksl 


(11!) Dy = > Pil4 


p. are, by condition (8), time-like vectors with positive time component. 


(5) We assume that the set {£} does not belong to a plane; if it does, our lemma 
has to be modified in an obvious way, which amounts essentially in letting the index « 
run from 1 to 2, instead of 1 to 3,(See Appendix I). 


mm 
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Assume, now, that D. (x=1, 2, 3) are linearly independent, and choose‘ 
among the p;, a vector p, such that the set {p,} is a complete set (7) (i.e. every 
p; can be expressed as a linear combination of p| ; this is connected with the 
four dimensions of the p-space). 

With formal manipulations, eq. (11) is given new the form (see K.-W. 
eq. (15): 


__ 4\n—4 n È 4 È À È 
(12) sir (FP = ove (— Dyer) II Ò(Dax,x, — DI Axa Ax Axe.) x 
(2x) ky Xk, =5 2,4 =1 
n se 17) ah 17 00e 
AT O(ax) D, Qn)? VED 6(— D) AS (Y;a'), 
where 


Cox k = ile As 3, 
D, = det dal Wi La) dee 
Ò;x otherwise, 


1 
(12’) ii 
D=det[a}|l A, =45-..,4) A cofactor of a,,, inD 


and 


À i 3 3 = 3 

(13) ASP(y; a’)= Gay | a” [aps exp [i Y pv TI 6(pepi + au) TT (pr) - 
rari il nl 1 
x 


k<1 


Recalling (9) and (10), it is easily seen from (12) that the behaviour of 
A, (E: a) for large values of the (three dimensional) vectors £ (or of some of 
them) is the same as the behaviour of 4}*’(y; a’) for large values of the vec- 
tors 7. 

We want to stress that postulate y) and relations (8), (9), (10) imply (°) 


(14) eer pea Ones Ong = > 0, 

(7) A pm Which satisfies this requirement can always be found, if the set {p,};—1,..» 
does not belong to a three dymensional manyfold. In the latter case, the following 
developments have to be modified in an obvious way. 

(5) Condition y) is sufficient, but by no means necessary. Relation (14) can be 
proved under the following weaker assumptions: 1) at least one of the sets of inter- 
mediate states in (3'), e.g. {|a;>}, due to the operation of some selection rule, does 
not contain states belonging to a zero-mass representation of the Lorentz group, and 
different from the vacuum. 2) When only a subset {£,} C{£,} contains vectors which 
are made indefinitely large (cfr. (10); {£;} = &,, ...,&,), the sequence 2, ..., x has to 
be chosen « well ordered » (see App. I) and moreover the vector &-(= x; —#z,4) 
(« corresponding» to the aforementioned set {|x->} of intermediate states) has to 
satisfy the relation SES, 
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where d, is the domain within which the energy-momentum four-vectors 
Pi, <--> Pn MAY Vary. 

Relation (14) is essential in deriving the asymptotic behaviour of 
{0 |A; (x1)... 4,(#,)|0>, from that of the generalized functions; as it will be- 
come clear when we shall give the asymptotic behaviour of A; (x; a), rel. (14) 
assures the commutability of the operations lim and Î dax (cfr. discussion 
after eq. (6)). AE 

For completeness, we shall now treat briefly the case in which the vectors 
p, defined in (11’) are not linearly independent. 

Suppose they do not lay on the same line, and that pj and p, are linearly 
independent (this is of course always possible; it is a mere matter of labelling). 

Then we write 


2 
Ds = > b, D; 
1 
and, by a procedure completely analogous to that followed before, we get a 


formula which is essentially equal to (12) with the following change in nota- 
tions: 


Ci k Gi 1, 2; 
dix otherwise; 


== Amt ni 1 I I ! ! ! 
(ARG) = Cr) Var alal O(D,)0(a1s) A3°/(Y15 Ya3 Gary Ara, M22) ; 
12 — 441 U2 


Y =Yit bys i=1,2, 
D, = det |a;,| i,k==1,33: 
AS Yi, Yo, Ys are taken as linearly independent (°), y, 40, î=1,2, and 
moreover 


(16) E > RE, > y, > Ry,. (= 1,0) 1G Sa) 


Formulae (12), (15), (16) show that, in this case, the asymptotic behaviour 
of A‘, is given by the asymptotic behaviour of A+. 


(9) For the sake of brevity, we do not cover here the case in which the vectors 
Yi» Yz: Ys lay on a plane (or on a line). All conclusions reached in this chapter are 
valid in that case too, and are moreover deduced in an easier way, due to the par- 
ticularly simple form our lemma takes when a relation like Dmyi= 0 holds. See 
Appendix I, second part. 


Bird 
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44 : G. F. DELL’ ANTONIO and P. GULMANELLI alti , a cam 


It is now easily seen that, when all vectors P.; (z=1, 2, 3), have the ; 
same direction, one is led back to the asymptotic behaviour of Pa ti 

Finally, all considerations made in' connection with (14) are still valid in i 
these two cases. 

Summing up the results of this chapter, we seé that, in order to prove (4) 
it will be sufficient to show that % 


1) lim R*AS*’(«; a)=0 for all m (k= 2, 3, 4), R being the radius of the 
E—© 
smallest sphere enclosing the points %;; 


a 2) one is allowed to interchange the operations lim and [das in (5). 
E—© 


31. Spatial behaviour of 4°. — The integral representation for the AP? 
functions can be written in the following form (*): 


a) 
A7) AS (E; a) Mei 


i 
stri D, 12 — 1122 6 
= 422) lee ES O)? ee PP = 67 5( o) ai Ga )0(412) (diz) , 


where: Q=1,, 


8 — =(6 —31,1,4+2L), 


= Sp[(-A4X)]; A=lea]; X=|6&4 (i, k=1, 2, 3). 


It can be shown that S<0, and that S= 0, if and only if the vectors &, — 
or p. are not linearly independent (cf. Appendix II). In either case by a 
discussion similar to that of Section 3 one is led back to study the spatial 
behaviour of the AS~’ function (cf. Section 3°2). 

We shall therefore confine ourselves to the negative values of S. 

Due to (9), (10), we are interested in the case in which it is possible to 
express all-the £; variables as 


: 

; 

E (18) E;= RY: ; 

3 i.e., the case in which all distances go at the end to infinity. 


G°) Eq. (17) is a specialization of formula (44) in K.W. Use can be made of this 
- formula, because of the analiticity of the generalized singular functions in the pro- 
ducts £,£,. when all vectors £, are spacelike. Cfr. F. Dyson: Phys. Rev., 110, 579 (11958); 

G. KäzLzÉs and A. WiGHTMAN: ref. quoted in (°). 
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Because of (18) and of the form of Q, P, S as functions of the scalar pro- 
ducts &€,, eq. (17) becomes: 


i 1 AY (Rt')t' at’ 
19) ASP(é; a) = | z| n i —dul 
(19) aria: 4(2x) ni VI > epoca i bi Aus) 0(@12)0(@s), 


where 


t = Ri'; gi N p=—; $= 


and 
4, Pp, s remain finite when R — co. 


It is easily seen that the roots of the equation 
(19') [@*—9)*—p]*—st*=0 


are in general out of the real axis (+) and always symmetric with respect 
to it. Roots not on the imaginary axis are symmetric with respect to it too. 

We can now perform the integration in eq. (19) by the method of residua. 
The function under the sign of integral 
is analytic in the upper half-plane of the 
(complex) variable #, after the introduc- 
tion of a suitable number (two) of cuts, 
so chosen as to connect pairs of the 
branch points of the algebroid function 
VLC —@)*— p} —st®. 

The properties of the Hankel functions, 
for positive imaginary part of the argu- 
ment, allow us to reexpress (19) in the 
form of an integral along the chosen cuts. 
The explicit computation of that integral 
would not be in general an easy task; for our purposes it will suftice, however, 
to find an expression depending on À and dominant with respect to it. 

Let us take, for instance, the case in which the branch points are: a+ib; 
—a-+ib; e+id; —e-+id (b>0, d> 0). 

The cuts are chosen as shown in Fig. 1. 


(-a+ib) (a+ib) 


(c+id) 


(11) The only exception is the root t'= 0, which appears when p= g°. One easily 
realizes that this case can be treated on the same lines as the general one, the only 
formal difference being that one of the two cuts runs now from one of the roots of (19') 
to infinity. 

(2) The hypothesis of the absence of zero mass particles plays here an important 
role. It can be replaced, however, by a weaker assumption; see note (S). 
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Then eq. (19) becomes: 


È Lt [. HAL (Re + ibR)]-(w + ib) de 
222) RE \ J V[ (a4 2ibe —b? —q)?— pp} —s(a* + 2iba — Bb) 
a oe 


ne f H®[(Rs + idR)]-(c + id) der | 
JV h 


(20) AS? (E; an) = 


+ 2idx — d* — q)? — p}* — s(x? + 2idx — d?) 


By the aid of the addition formulae for Hankel functions (1%) we can re- : 


write the r.h.s. of eq. (20) as a sum of products of Hankel functions with 
imaginary argument (ibR, idR) by integrals for which dominant functions 
may be easily found. Only Hankel functions with real argument will appear 
in the integrands. It then follows that the A{~ function is smaller than a 
sum of terms which go to zero faster than any power of 1/R for R + co. Le. 


(21) lim RA (£;a,)=0. 


Ro 


In order to legitimate the interchange of the two processes of integration 
and limes in eq. (5), we still have to prove that the convergence is uniform 
in the variables a;.. Let us note first of all that 


b= ba); d= d(ax) 
and introduce besides the notations 


b—min{b(az)}, d=min{d(a,)}. 


Recalling that a, > ox >0, one sees immediately that b and d do exist 
and are different from zero. Let us call @,. the point (not necessarily unique) 
for which b=b and d=d. It is then evident from eq. (20) that, if 

BAW (E; yg) <e for R> Rp, 
it also holds: 
RAGE an) ae for R>R, and all a,,. Q.E.D. 

We wish to remark that all our conclusions do not depend of course on the 


particular choice we have made for the cuts in the complex plane of the 
variable # (cf. formula (19)). 


(38) Cfr. e.g. Higher Transcendental Functions, vol. 2 (New York, 1953), p. 101. 
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32. Spatial behaviour of AS’. — The asymptotic behaviour of the AS’ 
functions can be studied along the same lines we have followed in the pre- 
ceding Section. Im this case, however, there are some simplifying circum- 
stances: the function to be integrated is now analytic in the upper half-plane 
of the complex variable f, except at two points, where it shows a pole (*): 
the integral reduces then to the sum of the residua at the two poles and the 
result is the one well known (5): 


(22) AS (EG, &34) = 


=a Va". ada 


Gr VP 


PAS Wve + VP) — HP V(Q— V/P)]-0 (a — ana») , 


where the imaginary part of the arguments of the Hankel functions is taken 
to be positive and 


2 
Q =— Dir tati, (a — 6) 

1 
P—4[a; — 6, i) — ENI 


Here is P< 0; we are interested though only in the case P=0, because 
if P—O then it is possikle to express À;° by means of A>? (*). 

One sees immediately that | P|— co, when at least one of the vectors £; 
tends to infinity. From (22) one has then: 


(23) lim K"A\ (E, &; a) = 0 
E->o 


for all m. The proof goes as follows: È 

Let us put £;— Ry; and take the limes for R — co. It is easily seen 
that Q—R?, P_R*;: q=Q/R? and p=P/R* depend only on the angles be- 
tween the vectors È; and, of course, on the values of a: Ea. (22) can be 
rewritten in the following form: 


(22’) ASE, ae) — 
ea AVE, — Gy, Oar 
(n° RY 


FHS (RV q + VD) — HE (RV 4 — \/p)]-9 (a3. — an 0») - 


(4) The two singular points coincide, if and only if 45° can be expressed by means 
of AS. The asymptotic behaviour of AS? is well known. 

(33) Cfr. K.W.; A. WicHTmwax and D. Hart: Phys. Rec. 99. 674 (1955). 

(16) Cfr. note (14). 
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In eq. (22’), the imaginary part of the arguments of Hj? must be taken as 
positive; eq. (23) follows then cee ey, from the known behaviour of the 
Hankel-functions. 

A discussion completely analogous to that of Section 3°1 leads to the con- 
clusion, that the limes (23) is uniform with respect to the parameters a;,. 


4. — Proof of eq. (4). 


By the definition (1) of the quasi-local operator C(x), eq. (4) may be re- 
written as follows: 


(4) lim Rf 946) vee Gi, (On Yn) <0| Ag(Y1) +. As, (Yn) [Ord «ee dyn = 0 


We recall that g(z) are Lorentz-Schwartz functions, i.e. infinitely differenti- 
able and with -finite support around the origin.’ 

By making use of the properties of the g(z) functions one can derive the 
asymptotic behaviour (for R + co) of the function <0|C(x,) ... C(a,)|0>, from 
that of the distribution <0|A(x,)... 4(2,)|0,. | 

Let S; be the support of g;() and o,(= max \/ 2° +2) the supremum of 


the « distance » of the border S, from its origin. Define o= max {o;}. Let 
æ;—%;— Re;; be the distance between any two of the point arguments of the 
C,(x); it is then easily seen that only those set of points may give contribution 
to the integral, for which the following inequalities are satisfied: 


(24) R—2e<|y¥;,—yj|SR+20; lyi-yl<20 ii (i,j=1,.. n). 
Let 977, be the totality of the n-ples for which (24) holds. 


The asymptotic behaviour of <0|A(y,)... A(y,)|0>, has been derived in ! 
Section 3 for the case in which 


(25) Oh = Yo = n 

The results of Section 3 may, however, be easily extended, by use of the re- 
duction formulae and of the integral representation of AS”, to hold true when 
the less stringent condition (24) is satisfied. 


We have therefore 


(26) lim R™0|A(y,) ... A(yn)0|>, = 0 for arbitrary m, if (Yi... Yn) EU. 
R—o 
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The asymptotic behaviour of <0|C, (21)... C;(x,)|0», we had to prove, 
follows now immediately from (26) and from the circumstance that contri- 
butions to the integral in (4") only come from n-ples which belong to 977,: 

We end noting that it would not be difficult to prove, that the same asymp- 
totic behaviour holds for vacuum expectation values of operators B(x), de- 


fined as 
Bi(@)= [4.0) f(x — y) dy, 


where f(z) are functions infinitely differentiable, different from zero only for 
[2 | <o and such that 
Jim l&|"f(2) = 0. 


* * *# 


We want to thank Proff. P. CALDIROLA and A. LOINGER for their kind 
interest and useful discussions. 


APPENDIX I 


This Appendix is devoted to the proof of the following 


Lemma. — Given, in an M-dimensional Euclidean (17) space, N +1 points 
(N > M) (38), it is always possible to order them so that, if £, (=, — 2,1) 
i=1,..., N, are the--differences between «adiacent» points, the following 
selations hold: 

M 


(A.1) Es = Da Cia 0<e,<1, 


1 
where y,, x=1,..., M, are vectors suitably chosen. Moreover 
(A.2) E, > RE; = y, > Ryn; (i=1,..., N), («=1,..., M), 
(A.3) E > Ré; a Ya > (ER Ya ? CES D N'< N), (casal CR M), 


Î(R)--R for R large enough. 


(7) This limitation is not essential. 

(18) For M= N the lemma is quite trivial, as one can always choose, in (A.1), 
¢;, = 6;, (Kronecker-d), and each ordering works. When M>N, the points lay in fact 
on an N-dimensional surface, and one is led back to the case M= N. 
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Proof. — For the sake of simplicity, we shall prove the lemma for the 
case M = 3, in which the geometrical arguments we shall use are more in- 
tuitive. The generalization to M > 3 is obtained just changing some words 
(plane, pyramid, etc.) in an obvious way. 

We have therefore N +1 points x,, ..., %y, in a three dimensional Euclidean 
space; let us first assume that they do not lay on a plane. The second part 
of this appendix will deal with the latter case. | 

Choose a set {7,};-1..x,1 Of parallel planes each containing one and only 
one of the points æ,. This is always possible, as the set {7,} of the lines which 
join two points of the set X = {x,} is composed of [(N +1)(N +2)|/2 elements; 
our requirement is satisfied by each set {7,} whose normal is not orthogonal 
to any line of the set {nj}. 

Let o be a line normal to thet set {a,}; we fix arbitrarily a point P and 
a direction on o, and order the planes x, according to the increasing distance 
from P of their intersections with o. We choose now, for the points *,, the 
ordering of the corresponding (1) planes 

Let us change the indices so that @,,..., @y is now the right order. It is 
easily seen that vectors #,—% 4, («=1,...,.N) drawn from the arbitrary 
point P lay all on the same side with respect to the plane passing through P 
and parallel to {7} 

It is therefore possible to construct a pyramid with triangular basis and 
vertex at the point P, so that all vectors é, lay in the interior of it. 

Let us choose, on the edges of this pyramid, three vectors y, Y:, Y3 whose 
length is given by the maximum value of the covariant components of the 
set {E} (€, = tx — Wai): 


Obviously, the following relations hold: 


3 


ESA CEE Vere (enna a) 


a 


This proves the first part of the lemma (formula (A.1)). Relation (A.2) 
is a direct consequence of the way in which the vectors y, y2, Y; have been 
constructed. 

For the validity of relation (A.3) it is however necessary that the sequence 
Wy) +5 Vy 44, Ordered according to the previously stated criterion, be moreover 
a «well ordered » one. 

This expression has the following meaning: if J is any set of points, whose 
distances are held finite in the limit À — oo, we shall term «well ordered » 
a sequence 1, ..., @y,, for which 


061€ I, ‘i<k<i: 


It may easily be seen that it is always possible to choose, among all ordered 
solutions, a particular one which is « well ordered » too. 
« Well ordering » is just a device to prevent the pyramid to décennie 


(9) By plane x corresponding to a point x is meant here the plane to which the 
point belongs. 
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into a plane, in the limit R + oo; in this limit, y, Y:, y; would no longer be 
a complete system, and a much more careful discussion would be required. 

The importance of choosing a well ordered sequence is perhaps more clearly 
exhibited by the following example. Let 
A,(x), A,(x) be two electromagnetic cur- 
rents and B(x) a «neutral » field. 

Consider the following vacuum expec- 
tation value 


(A-4) <0] Ay (41, 0) Ao(t,, 0) B(tz, 0)|0)p. 
Let |t, —t,|—> 00, |f—t,|> 00, |t, —t,|> 
— finite value. 

The sequence £,, t,, t, is an ordered 
one. 

(The set {x;} is here, e.g., parallel to 
the wz plane). 

Using completeness, (A.4) can be expressed as 


(A.5) > <0| Ar(41, 0) | o> aa | Az(%, 0) |e> Co | B(ts, 0)|®, 


ie 


where {|x,}} contains states with zero mass, but {| «,>} does not. As |t, — t,|= 
= + oo, one would be led to think that (A.5) goes to zero more rapidly 
than any inverse power of R. 

Yet, this is not the case, as one easily realizes, rewriting (A.4) in the fol- 
lowing form (using postulate 7) and completeness 


(A.6) (2°) 2 (0 | A,(t,, 0) |B1><Bi | 418, 0) | B2><B2| Bl, 0)10)7. 


Now, since |t, — t;| remains finite, the whole « asymptotic behaviour » when 
R — co is due to the separation between A, and 4,; as {|f,>} contains states 
with zero mass, it can be proved, using e.g. the explicit formula for A$” given 
in (22) of the text, that lim R* -(A.6) = finite = 0. 


This is exactly what one would expect, as the particular situation, which 
we are studying in this example, is that of two systems, interacting via electro- 
magnetic forces, which are moved far apart, the effect of the interaction being 
studied as a function of the distance. 

For completeness, we shall now sketch briefly what happens when all 
points #,,..-, 4x4: lay on a plane a. 

Draw on x a line o such that all projections »; on o of the points #, are 
distinct. Choose arbitrarily on o an origin and a direction, and order the set 
{x;} according to the increasing distance of v; from the origin. 

Let {x,} be the ordered sequence and let it be « well ordered » too. The 
vectors €,=%,— 2,1; drawn from a point P, lay all on the same half-plane, 
with respect to the normal o to o, passing through the point P. 


(2°) Notice that t,, £,, t3 is a « well ordered» sequence (choose now for o the x-axis). 
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Let 7,, Y.<{£.} be those vectors which make the largest and smallest 
angle with o (arbitrarily oriented). Call y,, y, two new vectors, which have 
the same direction of 7, and 7, respectively, and as length the maximum of 
the covariant components of {£,} on the direction of y, and y, respectively. 

With this notations, the following relations hold: 


(A.7) | EC + Ces 0<e,,<1, (a =1,....¥), (¢=1, 2). 


- In particular, there are two indices k, k’ such that €; — €; — 0. Using this 


fact, expression (A.7) can be rewritten in the following way: 
; e 
(A.3) E = 0x4 6.68; e=->0; CR 0 (a= k, k’). 


Relation (A.7) (or (A.8)) is the counter-part of formula (7) in the text, 
for the case in which all points lay on a plane. 

We end noting that the choice of y, and y, parallel to 7, and 7, respectively 
leads to some formal simplifications: one has, however, to be careful in ap- 
plying (A.7) when not all the distances £, are made infinite. If one (or both) 
of the fcllowing relations holds 


(A.9) lim ¢,,=0, lim ¢z = 0, 
Bo 


EO 


one has to choose the vectors y, and y, in such a way that all &, lie in the 
interior of the angle 7,7. i 


APPENDIX II 


In the text we have stated that S<0 and moreover that S=0 if and 
only if the vectors & or p,; are linearly dependent. Let us consider the 
second case. 

It may be seen that the relevant quantity is the determinant 


{| Pi'Pa Pr'Pa Pr" Ps 
V=| D: P1 Pr: D: P2"Ps\5 
P2°Pi Vs V2 Vs: Ds 


i.e. 8 <0 if V <0, and viceversa. 
If the vectors are linearly dependent, it is trivial to verify that V=v0. 
Conversely, if V=0, there certainly exist two numbers « and § such that 


Pi (Pi + ap: + Pp.)=0, 
D2" (Pi + ap: + Pps) =0, 
Ps" (D: + ap: + Pp:)=0, 
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and this relations together imply, as it may be seen by an elementary analysis 
Pi + APa + Pps= 0. 


Suppose now that the vectors p, are linearly independent. 
We may always decompose p, and p; in the following way: 


Ps = CP + Ps; 
where p, and pi are such vectors that 
Pa, = 0, Ds Pi = 0, 


and pi<0. 
One has then 


together with 
ps >0, P 0: 


If now p,-p; +0, by means of a decomposition of, say, ps analogous to 
the preceding one, V becomes 


Pilu 0 | 
V=|0 pe Op eek | CSO | 
10 0 DI 


The proof runs along the same lines for the &, vectors. 


RIASSUNTO 


Sulla base di ipotesi molto generali, come Lorentz invarianza della teoria e cau- 
salità e con la restrizione al caso dell’assenza di particelle di massa nulla, si dimostra 
che è possibile definire nell’ordinaria teoria di campo «stati asintotici » secondo Haac. 
La dimostrazione si basa in gran parte sulle rappresentazioni integrali delle funzioni 
singolari generalizzate. 


> 
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The Supplementary Condition in Quantum Electrodynamics. 


D. J. CANDLIN 


Faculty of Mathematics - University of Cambridge (*) 


(ricevuto il 22 Gennaio 1959) 


Summary. — The difficulties of the supplementary condition are com- 
pletely analogous to those of the momentum of the centre of mass in 
non-relativistic bound-state problems. It is unnecessary to introduce 
an indefinite metric or limiting procedures. 


1. — Introduction. 


We consider an electromagnetic field A, in interaction with a prescribed 
(conserved) electric current field J,. The equations of motion derived from 
the Lagrangian density 


1 CA, 0A 

1 use (4 tad 

(1) + 2 dx, da, + Au 

are equivalent to Maxwell’s equations when the supplementary condition 


aA, 
OL, Da 


(2) 


u 


is fulfilled. In the quantum theory, this cannot be postulated as an operator 
equation, since it is incompatible with the canonical commutation relations 


(3) CA, (x, t), À, (y, 9] = 40, (a — y). 


() Present address: Tait Institute of Mathematical Physics, University of Edinburgh. 
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or 
Or 


It is therefore considered as a condition 


dA, 


(4) = 


py= 0, 


7 


on the physically admissible states. 

The operator 0A,,/cx, has a continuous spectrum, so that the states satisfy- 
ing (4) are not normalizable. This is a considerable disadvantage when one 
wants to use the creation and annihilation operators, and has led to the intro- 
duction of an indefinite metric (1) or a limiting procedure (2). Both of these 
methods are open to criticism, and I wish to point out that the usual con- 
clusion of these methods, that one need consider only transverse protons and 
the Coulomb interaction, can be reached in a more conventional way. 

An analogous difficulty arises in calculating the energy levels of an isolated 
system, for instance an atomic nucleus. The interactions between the par- 
ticles are invariant under a translation of the co-ordinate axes, and the energy 
can be split into two parts, the kinetic energy of the centre of mass with a 
continuous spectrum, and the discrete energies of the motion relative to that 
centre, which are the quantities of physical interest. It is not convenient to 
separate the centre of mass motion by replacing one of the particle co-ordinates 
by the co-ordinate of the centre of mass, for this would destroy the symmetry 
of the equations under interchange of particles. We therefore would like to 
impose the subsidiary condition that the total momentum of the system be 
zero, in the order that the Hamiltonian might have the discrete internal energies 
as its eigenvalues. However, we cannot normalize states in which the total 
momentum is zero. Instead, we can choose any supplementary condition 
which leads to a normalizable state and does not affect the relative co-ordinates 
of the particles. A pessible choice of this condition is 


Ma 


(Pa— tmor,)¥ =0, 


n=1 


where w is an arbitrary positive constant, or, in terms of the center of mass 
co-ordinate, 


(5) (P —iMoR)¥ = 0. 


(1) S. N. Gupra: Proc. Phys. Soc., 63, 681 (1950); 64, 850 (1951); K. BLEULER: 
Hel. Phys. Acta, 23, 567 (1950); K. BLeuLER and W. HEITLER: Progr. Theor. Phys. 
5, 600 (1950). 

(2) R. Urryama, T. Imamura, S. SunAKAWA and T. Dopo: Progr. Theor. Phys., 
6, 587 (1951). 
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If we hold the relative co-ordinates constant, a state satisfying (5) will vary as 
exp[— 3 MoR?/h] , 


and the expectation value of the kinetic energy of the centre of mass will be 


P? 
(6) tae 


This term will appear in all energy calculations with states satisfying (5), and 
will not affect the relative energies of the internal motion (°). 


The condition (5) is not invariant under the fundamental group, that of 
translations of the axes, but we may replace (5) by 


3 
P) = Fhe. 


(5’) (P—iMo(R+A))¥ =0, 


where A is any constant vector, without affecting our argument, or even the 
expectation (6). A translation of the axes replaces (5) by one of the set (5’), 
which is equally satisfactory. 

In the next Section, this method is applied to quantum electrodynamics. 
The translation group of the nuclear problem is replaced by that of the gauge 
transformations, and the symmetry group of the permutations of nucleons 
(which we wish to preserve explicitly) is replaced by the Lorentz group. 


2. — Formal development. 


Introduce the operators 
41 (0) = div A(z) + Aa), 
y(v) = div A(v) + V?A,(@) , 


(7) i gil“) = =; [a — y)(V2A,(y) — div A(y)) d'y, 
pi) =~ 5, fon) (aiv A) — daly) ay, 


where G is the Green function for Laplace’s equation, 
G(x — y) =— (4a|x—y|)-?. 


(5) S. GARTENHAUS and C. SCHWARTZ: Phys. Rev., 108, 482 (1957). 
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By the canonical commutation relations 


[ ya (x, t), Pr (y, t)] = — 16,(% — v)G 
[ x2(%, t), ply, t)] =— idla—y), 


(8) 


while all other pairs of y and @ operators commute for equal times. 
The spatial part of A, may be split into longitudinal and transverse parts 


A(w) — A,(«) an A,(«) ’ 
where 
A,(wv) SLC — y) grad div A(y)d*y , 
and 


Ay() = — | G(x — y) curl curl A(y) d'y . 


Vo= o 


The set of operators 71, 72, Pi, 9: ab a given time is equivalent to the set A,, 
A,, Ao, Ay, from equations (7). 
The Hamiltonian is 


H(t) = 5 | = A È V2A a 19) A} + A,V?4,) da [4-14 de =H,(#) +H,,(t), 
dot met 
where 
H,(t) = 5 | at — Ar V? A5) da [rare , 
aa ao=t 
and 


(9) H ;s(t) = [vx *Vpa — Pia — Topi — div J ps) dx + 


dot 


+ 3 | (00% —Y)Xs(Y) — div J(w) G(x — y) x1(Y)) da d'y . 


Vom Wont 
In the unquantized theory, we must set 
(10) ; %= Xatda=0. 


n | 
23 I 
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so that 


—; [rats — Y) J, (y) dx d'y —|p.aiv J dx. 


Vo=Lo=t to=t 


(11) Hs(t) = 


The second term vanishes if the given charge density J, does not vary with 
time. If, however, it is derived from a quantized matter field, this term can 
be cancelled in the usual way by a phase transformation y — exp [ieg,|y in 
the Hamiltonian of that field. 

In the quantized theory, we adopt supplementary conditions in which (10) 
hold not for the operators themselves but for their expectation values in states 
satisfying the conditions. Since 7, and g, commute, and also 7, and @,, (11) will 
hold for the expectation values of H,; and of y,. The second term again makes 
no physical contribution. 


3. — Supplementary conditions. 
It remains to show that we can find the supplementary conditions men- 


tioned in the last paragraph, and that the scheme is invariant under inhomo- 
geneous Lorentz transformations. Such conditions are 


Ci (x) Y= 0 
(12) and 
CIO 


for all x, where 


| Cie) = rule) 2% (rite 6) +5 fer VB) 
and 


C(x) = x2(%, to) + Jo(%, do) + 2iwV? (p2(x, to) — B,(x)), 


(13) 


t being any fixed time. B,(x) and B,(x) can be any Hermitian operators or 
functions such that the two supplementary conditions can be simultaneously 
satisfied by a normalizable state (4). @ is an operator acting on the spatial 
arguments: if 


f(x) - fr) exp [ik-x]d°k, 


(4) In general, this is achieved by choosing the B; to commute with the y, and y, 
at time {,, but in the next section we require greater generality to establish covariance. 


© 
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then 
œf(x) ALU exp [(ik-x)] d’k. 


Specifically, 
woG(x — y) =[— 272(x — y)*}P?. 


The equations (12) and (13) are analogous in form to (5), and the matrix 
elements of the Hamiltonian and other observables (5) at time t, between states 
satisfying (12) take their correct physical values. That the same holds for 
observables at other times follows from the discussion of time-displacement 
invariance in the next section. 

A change in the quantities B,(x) is a gauge transformation 


ARSA; 
where A(z) is defined by 
PANE ty) = ÔB;(x), 


A(x, 6) = OB, (x) ’ 
HA = 0. 


In a scattering problem, we take the time ¢, before the source is effective, that 
is, Jo(x, to) is zero, and then in the gauge in which B, = B,=0, our supple- 
mentary conditions reduce to the familiar prescription that no scalar or longi- 
tudinal photons are present at time %. 


4. — Invariance properties. 


Our equations (13) define the supplementary conditions in terms of the 
field operators on a particular space-like surface t= 4. We must now show 
that the system is invariant under displacements and space-time rotations of 
this surface. 

First, consider an infinitesimal displacement in time; suppose that C(x) 
and C(x) are defined by equations (13) except that #, is replaced by #4 € 
and B, by i. Then 


O' (x) = Ci (x) + e C2(x) 


(5) J. M. Javon and F. RoHRLICH: The Theory of Photons and Electrons (Cambridge, 
Mass. 1955), p. 85. 


dq 
re 
a 


60 D. J. CANDLIN 

and 

(14) O,(«) = C2(x) — eV?0,(x) , 
provided 


Bi(x) = B,(x)—eV*B,(x) > 


and 


BIG) 2 Bie (8,6) n | dee d'y) 


That is, the change in the surface is equivalent to a change in the B,, or a 
gauge transformation. 

Secondly, we suppose that the conditions involve the field operators on a 
space-like hyperplane t=t,—v-x, where v is an infinitesimal vector. The 
supplementary conditions are best defined in a Lorentz frame with co-ordi- 
nates (x’, t'), where 


x'—= x + vt 


and 

(15) V—=t+v:x, 

in this frame the hyperplane is #' = £, and the supplementary conditions take 
the form 

(16) O1(x, ti)? =0, 

where the operators 0, are defined by equations (13) with all operators and 


co-ordinates primed. Making the infinitesimal Lorentz transformation back to 
the original frame, we obtain, to first order in », 


(x, lo) = Ci(x, ty) ; 


(17) ; 
C,(x', Lo) = O,(x, to) — v- grad (x, t) , 
provided 
B,(x) = Bi(x') + v:(A,(x) — 2 grad (x, to) 
and 


B(x) = B;(x') AL dato + grad (na to) + Bi(x) fe — Y)ToY, to) 0") . 


The change of surface is again equivalent to a change of gauge, this time in- 
volving the potential operators (4). 
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5. — The S-matrix. 


The S-matrix is defined by 


(18) Soa = Ura(oo, — 00) , 
(19) Una(t, to) = (b|U(t, to) |@) , 
(20) iU(t, to) = H(t) U(t, to), 
(21) U(to, to) = 1. 


If |a) is a physical state, then 
(22) P|a) =|a), 


where P is the projection operator on the manifold satisfying (12), and so (19) 
may be written 


(23) Usa(t, to) = (b|U(t,t)P|a)= (b| P'(t) UGE, t)|a) , 


where P(t) = U(i, 4) PU(t, to) 
Further, (20) may be written 


(24) a le) = Li (0|H(t)|c) Ucalt, to) » 


where the summation is over any complete set of states. If we choose this 
set to be eigenstates of P’(t), and also use the same set for the final states 
|b), only states |b) and |c) with P’=1 will contribute to (22), according 
to (23). That is, |b) and |c) satisfy 


C(x, t) |) = 0 
and 
(25) O,(x, t)|) = 0, 
where C'(x, t) = U(t, to) Ci(x) U(t, to)! 
The C;(x,) are thus the same as the C;(x), with the argument # in the 


ag replaced by t, and it follows that in (24) (b|H(t)|c) may be replaced 
y (b|H'(t)|c), where 


H'(t) = H,(t) — 5 Juste t)G(x — y) Tol, t) dx d'y, 
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according to (11), if we take B,(x)=0. In this form of (24) we must expli- 
citly restrict the summation over states |¢) to those satisfying (25), but since 
the effective Hamiltonian H’ contains no reference to the longitudinal and 
scalar potentials, we may replace our actual system by a model in which the 
corresponding degrees of freedom do not occur N 


* * * 


I am very grateful to Professor E. R. CAIANIELLO for the hospitality of 
the Istituto di Fisica Teorica dell’Università di Napoli, in which this work 
was begun. 


RIASSUNTO (*) 


Nei problemi non relativistici degli stati legati le difficoltà della condizione sup- 
plementare sono del tutto analoghe a quelle dell'impulso del centro di massa. Non è 
necessario introdurre una metrica indefinita o procedimenti di limite. 


2 


(*) Traduzione a cura della Redazione. 
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an application, furnishing the following information, which should be set out 
clearly and legibly: 1) Christian name and surname; 2) Date and place of birth; 
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pr 
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Milan, 28 April 1959 


G. C. Datta Noce G. POLVANI 
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Cut-Off Models of the Proton. 


R. HOFSTADTER (*) 


CERN - Geneva 


(ricevuto il 27 Gennaio 1959) 


Summary. — It is demonstrated that the form factor fitting the electron- 
proton scattering data, which could formerly be described by an expo- 
nential density distribution, can also be given entirely equivalently by 
one of several cut-off proton models. Such models have a theoretically 
desirable asymptotic behaviour, according to present ideas of field theory. 


Electron seattering experiments on protons show that the experimental 
cross-sections can be successfully described in terms of phenomenological form 
factors Æ, and F, (*). The present experiments do not furnish unique values 
of these form factors because of the experimental error in the absolute cross- 
sections amounting to a little less than + 10% in #?, If the postulate 
Fi = F,= F is made, which incidentally appears to be supported by experi- 
ment, the choice of a functional form of Æ' is greatly narrowed. For the case 
of not-too-large momentum transfer / can also be described by an equivalent 
spatial charge density distribution obtained by a well-known Fourier trans- 
formation. A simple one-parameter charge distribution fitting the data very 
well corresponds to an exponential model with root-mean-square (r.m.s) radius 
= 0.80-10-8 em. Two-parameter models can also be found which fit the data, 
but if they do not change sign, te. if they are monatonie the r.m.s. radius 
always lies near the value 0.80:10715 em. 


(*) John Simon Guggenheim Fellow on leave from Stanford University, Stan- 


ford (Ca.). | 
() R. Hosraprer, F. BumiLLeR and M. R. YEARIAN: Rev. Mod. Phys., 30, 482 
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From a theoretical point of view the exponential model does not appear 
to be reasonable for a proton, at least in the framework of current field theory (?) 
If the Yukawa field is employed the charge or magnetic moment density for 
a static model should behave (*) according to equation (1): 


Qo exp[—1/b] 
n je i 


(1) 


This density distribution was examined by CHAMBERS and HOFSTADTER (+) 
who found that it was inadequate to fit the experimental data for any sensible 
choice of r.m.s. radius. However, the author has recently found that the 
above density distribution, if modified at small radii (r < 0.45-10-!8 cm) yields 
a form factor as consistent with the present experimental results as the one 
corresponding to the exponential density distribution. Furthermore the agree- 
ment is insensitive to the precise manner of changing @ at small radii. 

For example if the charge density has the value zero up to a radius «d» 
and then follows the behaviour given by Eq. (1) the experiments are well fit 
with the constants d= 0.307:10-1% em, b — 0.404-10-13 em which provide an 
r.m.s. radius of a= 0.82-10-" cm. The latter value is quite close to the value 
a= 0.80-10-1% cm given by the exponential model. 

More generally one can successfully use the following density distribution: 


0 = Oh, 0<r<d, 


2 ee 
(2) OR pe 


where the case of the cut-off model described above corresponds to put- 
ting h= 0. 

The fact that one can find values of a finite cut-off (h = 0) fitting the expe- 
riments is reasonable since a finite density at small radii fixes only a small 
amount of charge near the center of the proton, unless the value of h is made 
very large. However, the value chosen for h does affect the value of b. We 
shall comment on this point a bit later. In any case the value of A is not 
critical and since the interpretation of the experiment in terms of static charge 
(or magnetic moment) density models may need modification (5) at distances 
of the order of r=%/Mc=2.1-10-'4 em, we do not regard the exact value 
of h as greatly significant. The result that a theoretically more acceptable 


(2) J. BERNSTEIN and M. L. GOLDBERGER: Rev. Mod. Phys., 30, 465 (1958). 

(3) See, for example, S. S. ScHweBER, H. A. BeTHE and F. DE HOFFMANN: Mesons 
and Fields, Vol. 1 (Evanston, Ill, 1955). 

(4) E. E. CHAMBERS and R. HOFSTADTER: Phys. Rev., 103, 1454 (1956). 

(5) D. R. YENNIE, M. M. Levy and D. G. RAvENHALL: Rev. Mod. Phys., 29, 144 
(1957). 
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charge distribution at larger radii can fit the experiments, provided only that 
the charge density is «smoothed over » at very small radii, which one expects 
anyway because of recoil and of the contributions of more massive virtual 
intermediate states, is thought to be significant. 

The density distribution given in Eq. (2) corresponds to a form factor: 


il 
Me 1+ tid, 

hd È d exp [d ] ° 

{aa [sin sd, — sd, cos sdo] — e Th Im E, (dy + in) ’ 
where 
exp [— do] 
(4) fia 
d 

(5) fr 
(6) s = gafk. 
and 
È pe 2 + 2d,+ di + 3 odo 


sli GE 3 Rodo 


The variable q is the usual four-momentum-energy transfer and the parameter a 
is the r.m.s. radius. Z,(+) is the exponential integral for complex arguments (°). 


TABLE I. 
fr 
Unit of g?= 1076 cm? 
2 
ù Exponential | Model C Model B 
0.207 .954 .952 951 
0.825 842 .835 .820 
1.87 .691 .680 .675 
3.30 .522 .521 .518 
5.15 .379 .370 .369 
7.42 .264 .269 .265 
10.1 .179 .180 .180 
13.2 119 .120 114 
16.7 .078 .077 .072 
20.6 .052 .047 .042 | 
25.0 .034 .028 .023 | 


(6) Tables ‘of the exponential integral for complex arguments, U.S. Department 
of Commerce, Nat. Bur. Standards Applied Mathematics Series 51, (May 1958). 
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In Table I we compare the values of #? for the exponential model and for the 
cut-off Yukawa models. Fig. 1 shows the corresponding distribution of 0, 
when the latter is multiplied by 4ar?, for the three cases: 


a) The exponential model for which a = 0,80:10—™ em. 


b) The «zero» cut-off model for which h=0, d = 0.307-10-!* em, 
b= 0.404-10-1 cm and a = 0.82-10-% cm. 


c) The finite cut-off model for which h, = 1.0, d = 0.44-10-¥ em, 
b= 0.40-10- cm and a= 0.816-10-% cm. 


Proton models 
AE | 
a 
bo \<—"Zero” cut-off (8) 
L 
20 à 
be ei 
F 5 i 
1a S I Finite cut-off (C) 
SS | \ 
R S | À 
~ 
| 
Wr 
= 
(CASS 
S 
08} va; 
cy, 
RS Exponential (A) 
O4 


05° 20 25 


TO. ae 
Radius in units of 10° cm 


Fig. 1. — This figure shows the quantity, 47r?g(r), plotted against the radial distance 

from the center of the proton. Three models are shown corresponding to Models A, 

B and C of the text and Table I. The «zero » cut-off model B is indistinguishable on 

this scale from the finite cut-off model C beyond 0.6-10-18 cm. All three models give 
very good fits with the experimental data. 


Of the two new models represented in Table I model C gives slightly better 
agreement with the exponential case than model B but an extensive investi- 
gation of parameters for best fitting has not been made. Model C is in excel- 
lent agreement with all experiments performed to date. The current experi- 
ments have been carried as far as g? ~ 18-1026 em-?. 
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One can also, of course, obtain approximate agreement with experiment 
when, as pointed out (1), the density distribution in the middle range of radii 
resembles the density distribution given in Fig. 1 corresponding to an expo- 
nential distribution or to other acceptable models such as those shown in 
Fig. 16 of reference (1) (*). Thus a Clementel-Villi distribution will fit the 
data (#7). It has now also been found that a cut-off Yukawa II (8) model can 
give a good representation of the data. For this model: 


o—0, 0<r<e, 


(8) 


0 = 007% exp 


n 
À): CPS CO, 


and the proper Fourier transform is: 


: 1 NA Pic | 
(9) F(ga) = e foe as ee CoS oe sin CoS ; 
4 
where 
(10) @=5) 
p 
oe pe — 2 + 30 +1) + (oo +1)" 


(co + 1) É 


and where s is given by Eq. (6) with the value of k appearing in Eq. (11). 
Suitable parametric values giving an approximate fit with the experimental 
data are e=0.225:10-!* cm, 6 = 0.301-10-1* em and a= 0.81-10-8 em. Fur- 
ther calculations have been made with other cut-off models such as 


@ = 07° exp [— r/b] 


but such choices produce no qualitative changes in the above conclusions. 
For further comment on this model, see below. 

It is worth-while to comment on the value of the range parameter «b » 
found in the above analysis. If the very simplest static model of a nucleon 


(*) In Fig. 16 of reference (1) a Yukawa model with no cut-off is shown and does 
not fit the experimental data. 

(7) E. CLeMENTEL and C. ViLLi: Nuovo Cimento, 4, 1207 (1956). 

(8) R. Horsraprer: Rev. Mod. Phys., 28, 214 (1956). 
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is employed (?) the value of b is given by: 
(12) bo TRE RI 


The numerical value of by is 0.70-10-1* cm whereas the value obtained from our 
analysis is b= 0.40-10- em. However, our result is a reasonable one be- 
cause the value d, corresponds only to the two-meson contribution to the form 
factor in the approach of dispersion theory (°°). Higher order contributions 
will contribute fields whose range-parameters are smaller and the fact that 
our result points in this direction may imply that the higher order contributions 
should not be neglected. 

It is possible to fit the experiments with the model of Equation (2) with 
larger values of b such as 0.59-10-! cm, almost approaching the value b,, 
by including more charge in the central finite region. In fact one may place 
up to approximately 50% of the charge in this region if desired. However, the 
r.m.s. radius a is thereby increased to values about a = (0.90 — 0.92)-1071% em 
and it is not believed that the present experiments support an r.m.s. radius 
this large. In view of this possibility however, it seems very desirable to 
increase the accuracy of the electron scattering experiments at small q values 
in order to better determine an r.m.s. radius. It is also possible to obtain an 
excellent fit with the experimental data by using the zero-cut off model: 
0 = or > exp[—r/b] mentioned above, with the «good» value of 
b — 0.67-10- cm and a core radius, d= 0.34-:10-"% cm. For this case the 
value of a=0.86-10-"% cm and the above remarks apply once again. 

A few remarks about the value of the cut-off or core radius d~0.40:10— em 
may also be pertinent. This value is approximately of the same order found 
by SALZMAN (1) in his analysis of the neutron-electron interaction. Our value 
of d is also of approximately the same order as the repulsive core radius and 
may conceivably be connected with a common origin of the two concepts. 
Perhaps the cut-off radius is also one manifestation of the idea of a funda- 
mental length. 


* OK * 


I wish to thank Drs. SERGIO FUBINI and GEORGE SALZMAN for their cen- 
structive remarks and interest in these results. 


(9) S. D. DrELL: Annual International Conference on High Energy Physics at CERN 


(1958), pp. 28-31. 

(1°) G. F. CHew, R. KarpLUS, $. Gastorowicz and F. ZACHARIASEN: Phys. Rev., 
110, 265 (1958). 

(11) G. SALZMAN: Phys. Rev., 99, 973 (1955). 
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I wish also to acknowledge with thanks the support of CERN and the 
J. S. Guggenheim Foundation in providing an opportunity to carry out the 
above studies. 


RIASSUNTO (*) 


Si dimostra che il fattore di forma che soddisfa i dati dello scattering elettrone- 
protone, che precedentemente poteva essere descritto da una distribuzione esponen- 
ziale di densità, può essere espresso in modo del tutto equivalente da uno dei molti 
modelli con cut-off protonico. Tali modelli hanno un comportamento asintotico teori- 
camente desiderabile secondo le idee attuali sulla teoria di campo. 


(*) Traduzione a cura della Redazione. 
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Nucleon Correlation Effects in High Energy Electron Scattering. 


R. GATTO 


Istituto di Fisica e Scuola di Perfezionamento in Fisica Nucleare dell’ Università - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto l’11 Febbraio 1959) 


Summary. — A detailed investigation is carried out of the role of nucleon- 
nucleon correlations in the inelastic scattering of high energy electrons 
by nuclei summed over all nuclear excitations. It is concluded that the 
dominant correlation effect is that caused by the exclusion principle and 
the differential cross section can be rather accurately predicted inde- 
pendently of the details of the nuclear dynamics. 


1. — Introduction. 


It is known that nucleon correlation effects can be directly observed in high 
energy electron scattering by measuring the inelastic differential cross-section 
summed over all nuclear excitations (1%). This possibility was first pointed out 
in connection with experimental work on nuclear scattering of u-mesons, but 
the derivation was based on the use of a Born approximation. An important 
advance was subsequently contributed by SCHIFF, who was able to sum the 
infinite Born series in a high energy approximation and adopting an adiabatic 
description for the motion of the nuclear particles (#). SCHIFFS work con- 
firmed in general the conclusions drawn from the Born approximation approach. 
Nucleon correlations are also known to appear in the nuclear dispersive con- 
tributions to high energy elastic or inelastic electron scattering to a particular 


(1) R. Gatto: Nuovo Cimento, 10, 1559 (1953). 
(2) J. SMITH: Phys. Rev., 95, 271 (1954). 
(3) L. I. ScHIrr: Nuovo Cimento, 5, 1223 (1957). 
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nuclear level (45). 


The difference between the summed inelastic effects con- 


sidered in references (1) and (2), and the nuclear dispersive effects consi- 
dered in (*), (5) and (*), is illustrated by the diagrams in Fig. 1, for the lowest 


Born approximations. Inelastic ef- 
fects appear already at the first 
electromagnetic order, while nuclear 
dispersive effects appear only at the 
second order. In spite of their phy- 
sical difference both effects can be 
expressed in terms of the nuclear 
pair correlation function. However, 
as remarked by SCHIFF (3), it seems 
rather difficult to identify correlation 
effects in the nuclear dispersive con- 
tribution, while their identification 
from the summed nuclear inelastic 
cross-section should be rather direct. 

In the present paper we shall 
only be concerned with nuclear cor- 
relation effects in the summed in- 
elastic cross-section. Our approach, 
already outlined in a_ preceding 
note (*), will be different from that 
followed in previous work (*?), in 
that we shall try an evaluation of 
the effect without introducing ad hoc 
assumptions for the correlation func- 
tion, bur rather trying to follow a 
consistent description of the nuclear 


Summed inelastic contribution 


_ | excited states 


ground state 


= | excited states 


ground state 


Inelastic dispersion effects 


È 
III 


Fig. 1. — Diagrams illustrating various 
effects that can be expressed through the 


excited states 


final excited 
state 


ground state 


dynamics. Correlation effects will re- nucleon correlation function. 


sult from the operation of the exclu- 

sion principle and of the nuclear forces. To simplify the formulation of the 
problem we shall ignore minor mesonic effects which become sensible at the 
high values of the momentum transfer. In particular before comparing with 
the experimental data one should include form factors for the nucleons. It 
is known from the interpretation of the electron deuteron experiments that the 
introduction of nucleon form factors produces a better agreement with ex- 


(*) 
(5) 
(6) R. R. Lewis: Phys. Rev., 102, 544 (1956). 
(7) R. Garro: Nuovo Cimento, 2, 669 (1955). 
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72 


periment (8). 


well-known and can be found for instance in reference (1). 


R. GATTO 


The formal procedure for introducing nucleon form factors is 


Also neglected in 


our treatment are minor contributions arising from nucleon currents, inelu- 


600 MeV 


au 


_ 400 MeV 


120° 160° 


OS 402) S808 
Fig. 2. — The calculated 
incoherent form factor J 
times the nuclear charge Z 
as a function of the scat- 


ding exchange currents due to the presence of 
charge exchange foreés in the nuclear Hamiltonian. 
In a recent paper DRELL and SCHWARTZ (°) show 
that such contributions are quite small, but one 
a sum rule for the energy weighted 
cross-section at fixed momentum transfer that 
turns out to be very sensitive to the presence 
of exchange currents. As a typical illustration 
of our results we report in Fig. 2 graphs of the form 
factor J for the summed inelastic differential 
cross-section, which is defined as the ratio bet- 
ween such a cross-section and the cross-section from 
the point charge Ze. The curves are calculated for 
a two body nuclear force of Yukawa shape. We 
shall try to reproduce some of the rather cum- 
bersome mathematics that is involved in the eva- 


can construct 


tering angle. luation of the correlation kernels, since our re- 


sults may also be useful in connection with other 
problems, such as for, instance correlation problems for the electron gas, 
where other systems of fermions must be described in similar conditions. 


2. — Theoretical formulation. 


We shall report here the main steps of the theory, without however going 
into details of calculation, since most of the results of this section were already 
reported in (1) and (‘). A nuclear form factor R is defined as the ratio between 
the scattering by a nucleus with Z protons and A— Z neutrons and the scat- 
tering by a point charge Ze. The form factor R is the sum of a coherent 
contribution C and an incoherent contribution J. Since we are interested in 
the summed transition probability over all excited nuclear levels we employ 
a closure approximation. The validity of the approximation for high energy 
scattering was checked in detail in (1) by a comparison with calculations per- 
formed in particular cases without the use of such an approximation (1°). The 


(8) J. A. McInryre and S. Dwar: Phys. Rev., 106, 1047 (1957). 
(9) S. D. DRELL and C. L. SCHWARTZ: Phys. Rev., 112, 568 (1958). 
(29) SE Wee G. FIDECARO and F. MARIANI: Nuovo Cimento, 7, 553 (1950). 
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form factors R can then be written as the mean value in the nuclear ground 
state of 


(1) 40 > I, exp CALI 
it 


where: q is the momentum transfer in the scattering process, q = p; — p; with 
Pr and p; the final and initial electron momenta resepctively; r,, is the rela- 
tive co-ordinate of the /-th nucleon relative to the j-th one, and J’; is unity 
when j and / are both protons, and zero in the other cases. It will be con- 
venient in the following to regard 7’, as a projection operator in isotopic spin 
space. As in reference (‘) the nuclear ground state is expanded as a sum of 
a ground configuration in which the nucleons occupy all the states inside the 
Fermi sphere, and of excited configurations for which individual states of the 
Fermi sphere are replaced by holes and correspondingly excited individual 
states are occupied. The major contributions to the incoherent form factor 
are due to the terms independent of the nuclear interaction. For large mo- 
mentum transfers the whole approach would however be inadequate if the 
nuclear interaction is assumed to have a rigid repulsive core. It is known 
that different treatments may be applied to deal with such a situation. It 
must still be true, however, that, in the limit of large momentum transfers, 
effects produced directly from the binding nuclear forces shall disappear. In 
this limit the nucleus will scatter as an assemblage of Z independent protons 
and A—Z independent neutrons. Furthermore, the rigid core model will not 
certainly reflect the true situation if the exploring wavelengths are capable 
to penetrate inside the core itself. One also expects specific mesonic effects to be 
already important at such wavelenghts, to change drastically the picture with 
a rigid core interaction. We assume explicitly that only two-body forces 
between nucleons are effective. In such a model the only excited configurations 
that may appear differ from the ground configuration only in the replacement 
of two of its individual states by two other individual states not already 
contained in the ground configuration. Very accurate methods of calculation 
are now available for the coherent contribution in the static approximation (11). 
The subtraction of such a contribution can easily be performed by considering 
the Z dependence. It is easily seen that there are no coherent contributions 
linear in the nuclear interaction. In fact such contributions would originate 
from terms in the total charge density which are linear in the nuclear inter- 
action. Such terms would be given by integrals, over all the co-ordinates of 
all nucleons except one, of the product of the representatives of the ground 
configuration and of an excited configuration. However in the ground configu- 


(11) See for instance: L. I. Scairr: Phys. Rev., 103, 443 (1956); D. R. YENNIE, 
D. G. RavenHaLL and J. TIEMANN: to be published. 
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ration there are two states different from those of the excited configuration, 
and thus any such integral is necessarily zero. In consequence of this result 
we can say that all terms linear in the nuclear interaction which contribute 
to the mean value of (1) in the nuclear ground state are of incoherent nature. 
We indicate by 7” the contribution of such terms, that shall be evaluated at 
a fixed momentum transfer. 

The main contribution is still expected to arise from the zero order term J°®. 
One may note that only one nuclear parameter having the dimensions of a 
length, namely the nuclear radius, or, equivalently, the mean nuclear sepa- 
ration, may appear in such approximation. The relevant role is indeed played 
by the angle 7 given by 


(2) sin 1 Pe 


where p, is the Fermi momentum. In terms of the nuclear radius 7,4*, and 
of the wavelength À of the incident particle one has 


(3) sind (FA). 


The physical meaning of the angle 7 is that at angles greater than 7 the re- 
strictive effect of the exclusion principle to the scattering process is absent. 
In fact as evident from (2), for angles greater than 7 the nucleon struck aquires 
a sufficient recoil to escape from the Fermi sphere. In terms of the variable 


__ sin (9/2) 


~ sin (n/2)’ 


(4) 


the incoherent form factor is expressed by 


(5) Ji Deere es) 

for É < i and is constant 

(5) TER, 

for £ > 1. Let us assume for simplicity a nuclear potential of the form (*) | 


(6) Jom) = J (1) {Mo + 4,(6::°0) + A(T, °T) + 4,,(F1 °F) (Ty M 


(2) L. RoseNnFELD: Nuclear forces (Amsterdam, 1948), p. 160. 
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The mean value of (1) can be evaluated by standard techniques. One finds 
for J 


(7) ZI” = 4MI, > > [6 + bi — d?— d'|-Xb,b, |cosg:r|d,d,)- 
b;b, d;d, 
-[<b,b,| v(r)|d,d,> Tr [OL] — <bb.|v(r) |\d,d,> Tr[OP,P 1], 


where the momenta b are all contained in the Fermi sphere, while d are mo- 


menta not contained in the Fermi sphere. In (7) M is the nucleon mass, P, 


is the spin exchange operator and P, is the isotopic spin exchange operator. 
By evaluating explicitly the matrix elements in (7) and introducing the 
variables 


(8) ieee, y=per. 


one can write (7) in the form 


il 1 f9x\t/ A \3 
(9) AIO = (MJ or) rs (=) (sz) È 


| dy exp [ix-y]f(y){G@(x, y) Tr [02,P, I] — G(x, 0) Tr[0/]}, 
where 


(10) fy) =» (2) : 


The kernel function G(x, y) expresses the kinematics of the system. It can 
be defined most simply by the following integral representation 


(11) G(x,y)=|dwexp[- wa] F(a, x, y) F*(w, — x, y), 
0 
where 
(12) F(, x, y) - [as exp [(wx — iy):z], 


the integration being extended to all those z that satisfy the two conditions 


(13) fri vies echoes | sad, 


n 
a 
a 
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3. — Evaluation of the formulae. 


The appearance of the function G(x, y) is typical of problems involving 
correlations between fermions of a degenerate system. In particular G(x, 0) 
essentially appears in a second order binding energy calculation for a dege- 
nerate fermion gas. Indeed it can be shown that the expression of G(x, 0) 
can be reduced to an integral already evaluated by Euler in his second order 
binding energy calculations (1%). One finds in terms of the variable é of Eq. (4), 
which is equal to 3a, 


(14) (x, 0) 


+ (G75 ton +58) log (1 —£) — 408 log 2], for ¢<1, 


27°? 
1 


(14°) [E 20É — 20€? 4 age) log (FT) A2 


+( : + 20€ — 2082 + se) log (£ — 1) + (4022 — 8£4) log el. for €>1. 


It can be verified that the two expressions (14) and (14’) and their derivatives 
are continuous at £ — 1. 
To evaluate (9) one has than essentially to evaluate the functional 


(15) GUI =| dy exp [tx-y] G(x, y)f(Y); 

which can be written in the form 

(16) Lf] =] dy de ds’ fly)lxe — = + 2) exp [ile — = + 2) ; 
over all values of y and all z and 2’ that satisfy the limitations 


(17) lsl<d, jelly je el. EE ET. 


(13) H. Ever: Zeits. f. Phys., 105, 553 (1937). 
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It will be convenient to use instead of the variables z and z’ the variables s 
and £ defined by the relations 


(18) z —=t—{À{(s— x), 
{18') 3'=t+}(s— a). 


In terms of such variables one has 


(19) Gi] =[dsatay{(y(x-s)- exp[is:y], 


over all s and t that satisfy 


Î 
i 


(20) +e +|t-(sta)|t}|sFap<+ 


for the two choices of the signs. Integrating over angles one finds 


ere Wee: gif) = sates te y ay fe, 
where | 

(22) jis) = | dy f(y)y sin sy , 

and 

(23) “stgy=xs. 


The last factor in (21) can be written in the form 


(24) foe = — 3JU- (ug) du + 3 [V- (ug) du, 


+ 


where g(a) = a-1(1— a)? for a<1 and g(a)=0 for a>1, and C, are trian- 
gular regions defined by the limitations 


(25) £3o+u-x>0, His Fus>0, +u(sfx)—}|sFalP?>0. 


The upper choice of the signs holds for C,, the lower choice for C_. Using 
Green’s theorem one can finally write 


(26) gun =F fase) 200,3), 
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where the lower limit /(x) is zero for ax <2 and «—2 for «>2. The kernel 
L(x, 8) is given by 

(27) La, 8) = Pf te adah(x, 8, x), 


0 
where P denotes principal part and h(a, s, «) is given by 


by 


(28) iv, 5,9) =|s—|[g(wr +4] s—x[*) do + 5{g(ot + Fst) do + 


bo 


é 1 
+ fa(or+ Fa) do , 


0 


with a=}3|s—x|ctga, b, = (2 sin«)-(~—s cosa), b, = (2 sin «)—(s — x cos a), 
x being the angle between s and x. 

The calculation of £(x,s) from (27) and (28) is now straigthtforward but 
very lengthy. We reproduce in the Appendix some of the steps involved and 
the final expressions for £(x, s) for the different ranges of values of the variables. 


4. — Numerical applications. 


From the definition of the projection operator I’ it can be shown that a 
trace of a product of a spin operator S, an isotopic spin operator 7, and J, 
can be reduced according to 


(29) Tr[STl] = <TD), Tr[S], 


triplet 


where <T>,.ev is the mean value of 7 in a triplet isotopic spin state and 


Tr[S] is evaluated in the 4-dimensional spin subspace. From (29) it follows. 
(30) BRN ee 1] = 2(a) + a,) + 6(a, + a.) ; 


(30') Tr[ Or] = 4(a, + a,). 


In the choice of the parameters @ of the nuclear interaction (6) we shall try 
to satisfy, on reasons of internal consistency of the model, those restrictions 


© 
Ed 
a 
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which follow for the same model from the general properties of heavy nuclei (11). 
It can be seen that the necessary saturation condition by Breit and Wigner 
implies that Tr[0/"]=> 0. From this same condition, together with the Breit- 
Wigner condition for the stability of isobars and with Volz’s condition for 
a-nuclei it follows similarly that Tr[OP P 1] >0. Furthermore all such con- 
ditions imply a,= 0 and a,~0. The remaining coefficients a, and a, are 
taken to satisfy the normalization condition 


ce 


a, a? Ar = 


which is equivalent to define Jjv(r) as the absolute value of the effective °S 
potential. For the ratio a_/a,, we shall assume the choice a,~0.1, a,,~0.23 (14). 
For such a choice Tr[O/"]= 0.4 and Tr[OP,P,[]=1.58. The graphs re- 
ported in Fig. 2 were calculated with a potential of the form 


ps 
al’ 


with a=1.4-:10-" em. For such a choice J, can be fixed from the proton- 
neutron triplet S scattering data and is found to be —51 MeV. The graphs 
were calculated for such a choice of the parameters and for 7, = 1.2-10-! em. 
It was also supposed that Z= 4A: a smaller value of Z would lead to values 
for the form factors slightly smaller. 

The asymptotic behaviour of G(x, y) for large x can be most easily de- 
rived directly from the original definition (11). For |x|>2 the second of 
the conditions (13) holds as a consequence of the first one. One then finds 


for large |x| 
2 An 2/1 ; 2 
“hi és È ju) ’ 


where j, is a spherical Bessel function. From (32) 


(31) Jov(r) = Jo ar! exp 


(32) G(x, y) > n: fa exp [— iz-y] 
| 


4 


(33) Gif] > (=) | dy exp [ix-y]f(y)y (y), 


For large |x| the last expression is essentially 
Se 
(34) Jo, 


(14) L. RosenreLzp: Nuclear forces (Amsterdam, 1948), p. 224. 
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where f has already been defined in (22). The resulting asymptotic limit for 
the incoherent form factor is then 


(35) ZI —1+ j(x)r — 5 (argo) a) (gz) Tr Tr r C0 (P,P.—1)F]. 


Eq. (35) exhibits clearly the dependence of the incoherent form factor on the 
Fourier transform of the potential for large momenta. By direct comparison 
with the exact calculations we have checked that for the potential (31), the 
approximate form (35) is a reliable approximation of the incoherent form factor 
for all momentum transfers |q| greater than 2p,. Asymptotic expansions for 
G[f] and G(x, 0) for small momentum transfers can be obtained directly from 
the explicit expressions given in the Appendix and from (14). We find, for 


small a, 
2 


1 ; 1 2 
(36) Gif] > w4a8 | f(o) (1 = (1 a logy = a La 


2 
(37) G(x, 0) +0 (1— log 2). 


Comparing with the exact expressions, we propose that (36) and (37) may be 
used as sufficient approximations for momentum transfers |q|< p,. To ob- 
tain an idea of the effect of a strong modification of the potential on the in- 
coherent form factor at low momentum transfers we have considered the effect 
of adding a short range Yukawa term to the potential (31). Taking a potential 
(38) Jar! exp 


+ J,br- exp |- 4 ; 


with a as before =1.4-10-! cm and b — 0.5-10-18 cm we find that J® is mo- 
dified by the appearance of a factor 


(39) 1+ 0.04(J,/Jo) . 


From (39) one sees that only a very large value of J, would lead to a sen- 
sible modification. To exhibit explicitly in the general case the dependence 
of the form factor on the Fourier transform of the potential we report here 
the approximate expression for the incoherent cross-section obtained through 
(36) and (37) 


uo) 27 wea + (M) (=) 3; a) È f fw)o* do Tr [0P,P,M]— 
— 8(1— log 2)a-1}(x) Tr [or] x 
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Eq. (40) should hold as a good approximation for momentum transfers |q|< p,. 


Specific mesonic effects should not alter very much the results. On the other 


hand the result (40) may be a little altered by the inclusion of surface effects, 
not properly treated in the present model, which essentially replaces the 
problem of scattering by a finite nucleus with that of scattering by an equi- 


_ valent finite portion of an infinite nuclear medium. Of course such effects 


will mainly be felt in the coherent contribution, not discussed in this paper. 
However in the limits of long wavelengths they might influence also the in- 
coherent terms. 

* * * 

The author would like to thank Prof. M. PICONE and Dr. W. Gross of the 
Istituto Nazionale per le Applicazioni del Calcolo, where most of the computations 
were performed. He would also like to thank Dr. D. Jupp and Dr. B. CURTIS 
of the Radiation Laboratory in Berkeley for allowing him the use of the com- 
putational facilities of that laboratory. 


APPENDIX 


It is evident from (27) and (28) that £(x, s) is symmetric in x and s. To 
evaluate h(x, s, x) from (28) we need the following integrals: 


(A.1) 2m fglot+ dw = — me(1— m? — c?)— m(3 — m?) arctg [e(1—m?—c2) À] + 
1 + 2 arctg [em-1(1 — m2 — e) 3], for @+m<1; 


€ 1 
(A.2) 2m| go" + m?) do = a (2 — 3m + m°)xe(c), 


: for @+m>1, m>1, with e(c) = e/|e|; 


(A.3) 2m| glo? + n) do — 05 FOIE le 


0 


Using the above expressions one finds for # or s>2 


(A.4) 1 2,5) =5(1 le |) 


1 1 
8 — (x? + 8?) +ges—5le | E 


— 5 (at + e) È —F tot + v) 


log (ut + 8° + 2)? — log ((02 + 3%) + e) + 


[log 2sx — log (a + s?— 4)]. 


+ 1-3 (a? + 82)? (s Li (a? + *) 


s 6 - {1 Nuovo Cimento. 
a 
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To evaluate £(x, s) for x and s < 2 one similarly substitutes (A.1)-(A.3) into (28). 


It can be shown that the calculation can then be reduced to rational integrals 
which are readily evaluated and to integrals of the form 


(ee) 


log| y + Eu? | n 
SAI - du = — log (yt Ey) (+ for 0 
| TRE OS y TE un 
= teres log (— x + én¢-") , for 4< 0, 
2V/nc 


with &, n, ¢ all positive numbers. The final expression for a and s < 2 can 
then be written in the form 


il Ul 
(A.5) ae 8) = L' (x, 8) a L'(%; 8) Re (x, 8) ’ 


where 


L' (x, 8) =0, for s<2—@, 


L"(a, 8) = 3[3(@ + 8) —1][8 — (a? + 8?) — 308 — 3(@ + 8)] = D(a, 8), 
for 2—a<8<V4— 9, 


P'(x58) = D(a, 8) + 4a8V a? +82 —4, for VA — a°<8<2; 


P'(x, 8) = M(x, 8) log (Va? + 8? + 2) + QT(x, s) log (4 — a — 8?) , for s<2— 2, 
L" (a, 8) = WM (a, s) log (Va? + 8? + x + 8) + IW (a, 8) log 2x8, for 2—a<s<2, 


where (a, s) = —4Va?+ 82 [3 — (a? + 8*)], 
Me, 8) = —{1—4V w + 87 [3 — Hw? + s8)]}, 


L" (a, 8) = 2 log 2 +R (x) + Ris), for s<V4—- 93, 
À | ta PRA IE t t \? t t 


2" (a, 8) = SA, 8) +SH(, 8) + 28 log [fas + Va? + s2— 4], 
for V4— m<s<2, 
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where 


Sa, 8) = 3|e + s|[3 — f(s? F sw + 22)]log[1+ Hx+s|F 4Va +82 4], 


æ\? x 
p=(1-5)(1+3). OST, 

s\? s 
=(1-5)(1+3). Toros =a 

RIASSUNTO 


Viene svolto uno studio dettagliato sugli effetti di correlazione nucleone-nucleone 
nella diffusione anelastica di elettroni d’alta energia di nuclei sommando sugli stati 
d’eccitazione del nucleo. Si trova che l’effetto di correlazione dominante è quello origi- 
nato dal principio di esclusione e la sezione d’urto differenziale può venire abbastanza 
accuratamente calcolata indipendentemente dai dettagli della dinamica nucleare. 


LETTERE ALLA REDAZIONE 


(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Air Radioactivity in Catania. 


B. CANTONE, G. PAPPALARDO and R. RIicAaMO 


Centro Siciliano di Fisica Nucleare 
Istituto di Fisica dell’ Università - Catania 


(ricevuto il 2 Gennaio 1959) 


Measurements of .air radioactivity 
have been made using the method of 
dust collection by air filtration followed 
by measurements of the (-activity of 
the filter deposits. Such method has 
been fully illustrated by several au- 
thors (13). 

Two sets of samples were taken: the 
first «short» 500 litres pumpings in 
10 min, the second with (10--60) m* in 
periods of the order of hours, both for 
outside air and the air of enclosed spaces. 

Mica-window GM counters, Philips 
18505, 2.4 mg/em?, were used. L8-rays 
self absorption in W4l filters has been 
determined with the incineration method. 
A value of 15% has been obtained. 


(*) F. BARREIRA and M. LARONJEIRA: Proc. 
of the Intern. Conf. on Peaceful Uses of Atomic 
Energy, 9, 756 (1955). 

@) A. MALVvICINI and C. POLVANI: Energia 
Nucleare, 4, 363 (1957); Minerva Nucleare, 10, 
261 (1958). 

(3) L. DADDI et al.: Ric. Scient., 27, 3313 
(1957). 


To identify the radioactive isotopes, 
collected on the filter, measurements of 
decay were made (Fig. 1, 2), followed 
by measurements of f absorption to 
determine the maximum energy of the 
emitted §. 


100K 


DS 


10 15 20 25 30 35 40 45 50 (min) 


Fig. 1. — Decay of radioactive deposit obtained 
from inside air 10 min (500 litre) filtering, 
showing the presence of RaB (Ty = 27m). 


Some decay products of radon and 
thoron were thus detected and their con- 
centration determined. 
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| Fig. 2. — Decay of radioactive deposit obtained from open air (20 h, 60 m®) filtering., showing the 
presence of Tn products. 


1. — Open air radioactivity. days at intervals of a few hours show ty- 
pical daily variations, with a period of 24 

The 500 litres, 10 min samples, taken hours and a maximum which was usually 

at 10 metres from ground level for several observed at about 04.00 hrs (Fig, 3), 
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Fig. 3. — Open air 8 radioactivity and wind velocity at Catania in July-August 1958, 
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Comparing the values of air activity 
measured at different times, a noticeable 
correlation was observed between max- 
imum radioactivity and minimum wind 
speed (*). 

A ratio greater than 10 was frequently 
observed between maximum and mini- 
mum daytime activity in Catania. 


that in general any assignment of the 
typical value of air radioactivity for a 


given area requires standard samples, 


taken at 2 hours intervals for several 
days and at different times of the year. 

From the analysis of the decay of 
the radioactive products settled on filter 
using short (10 min) filtering, it has been 


TABLE I. — Minima and maxima concentrations of Rn, Tn and fission products 


(curies/litre) for various air samplings. 


Outside samples Inside samples 
Short Long Short Long 
500 litres 5 500 litres i 
i | 
{min 1.68-10-18 3.5 10718 4710-13. LILAS 
Rn products À 
| max 02 COIN 2 TO 22010718, 179 . 1028 
min || — 0.46:10-15 — 9-3 10m 
Tn products 
| max = 5.2 «10-15 — 35 «1015 
min — Leo — 0.61-10-15 
Fission products | < 
max — RE - ZO 
| — = 


Since mean air radioactivity is 1000 ti- 
mes lower above open seas than above 
continents (4), one can presume that si- 
milar marked differences in daytime air 
radioactivity variations, possibly due to 
a particularly strong washing action by 
the sea winds, can be observed in 
other places such as sea shores or great 
lakes. 

From what has been said it appears 


(*) The Authors wish to thank the Sicily Air 
Command for making available the meteoro- 
logical data used in the present paper, which 
were collected by the Catania Meteorological 
Observatory A.F. 

(*) E. Prcctorro: Nuovo Cimento, 11, 190 
(1958). 


possible to establish the presence of 
214Pb(RaB), and 24Bi(RaC). 

After taking into account the de- 
tector’s efficiency and the self-absorption, 
measuring the aspirated air volume, and 
assuming the equilibrium of the radon 
products (5) present in the atmospherical 
dust, from the measured activity on the 
filter the following values have been ob- 
tained for air radioactivity in a large 
Mt. Etna area during summer months: 


(2--50)-10-!3 curies/litre , 
(5) G. ALIVERTI, A. DE Maro, G. LOVERA, 


R. PERILLI FEDELI and L. SACCHETTI: Nuovo 
Cimento, 12, 270 (1954); 10, 68 (1958). 
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which are very near to the Central Europe 
mean values (6) and to those observed in 
Leghorn (3). 

Similar measurements were made on 
Mt. Etna 2000 metres above sea level 
and outside the Catania area, yielding 
same mean concentrations for radon pro- 
ducts. 

To measure the concentration in the 
air of thoron products, «long » samples 
were made, with pumping times between 
10 and 20 hours at 50 litres/min speed. 
The presence of the thoron products is 
clearly revealed by the decay curves 
(Fig. 2). Once the filter-saturation was 
reached, from measurements of decay 
and absorption, a concentration was de- 
rived for thoron products in the limits 
(0.5-5)-10-15 curies/litre. 

The concentration of the radon pro- 
ducts deduced from the activity of the 
«long» samples was the same as that 
obtained from the «short» samples. 

A ratio of about 100:1 was found 
between concentrations of radon and 
thoron products in the outside air. This 
ratio was about constant for all samples. 

An activity with half life of at least 
20 days was found in the « long » samples. 
This could be traceable to artificial radio- 
activity from fission products. Outside 
air and enclosed space samples, between 
14 and 40 m?, yielded the following va- 
lues for artificial radioactivity concen- 
tration: 


(1.2--2)-10-15 curies/litre . 


2. — Enclosed space activity. 


Because of the marked daytime va- 
tiation observed in the radioactivity of 
the outside air, and in order to obtain 
a mean of reference for checking instru- 
ments and methods, the air activity in 


() Erster Bericht: SonderausschuR Radio- 
aktivität (Jan. 1958). 


ea 
ao 
> 


long-closed apartment rooms has been 
measured. 

A mean radioactivity of 6-10-18 cu- 
ries/litre was found for inhabited rooms 
of average ventilation. This is to be 
ascribed to the radon radioactive pro- 
ducts and in lesser measure to the thoron 
products. 

In a hermetically closed room the 
activity is shown to rise and reach an 
equilibrium value in about 3 days (Fig. 4). 
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Fig. 4. — B radioactivity of the air from a closed 
110 m* room measured with 10 min sampling 
(500 litres) at different times after the closure. 


This value is subject to fluctuation 
presumably in relation among other 
things to the mean temperature varia- 
tions, and to strong winds (wall permea- 
bility and minor failures in the closing 
devices). 

The measurements show that the 
maximum values of activity in 3 closed 
lecture rooms placed in 3 buildings in 
Catania up to 2 km apart and built 
at times separated by many decades 
are near to 2-10-11 curies/litre. 

The maximum allowed air radioacti- 
vity for Radon 222 at equilibrium with 
its products, for non professional indi- 
viduals, is 10-1 curies/litre (7) but the 
measured air radioactivity in closed rooms 


(7) AEC 1957; Nat. Bur. of Stand., Handb. 
52 (1953). 
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at equilibrium in the Catania area is 
twice as great. 
We are now attempting to discover 


what materials are responsible for this 


high radioactivity so as to discourage 
the use of them in buildings (§). 


(8) A. F. GABRYSH and F. J. Davis: 


Nucleonics, Jan. 50 (1955). 


The radioactivity of air in a deep 
underground cavity digged in lava rock 
in Catania area is very near the minimum 
outside air activity. 

It may be of interest here to note that, 
in a closed apartment room in the town 
of Caltagirone (70 km from Catania) a 
measurement of only 7:10-% curies/litre 
at equilibrium was made. 
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On the (y, pn) Reaction in *°S. 


U. FARINELLI, F. FERRERO, S. FERRONI, R. MaLvano and E. SILva (*). 


Istituto di Fisica dell’ Università - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto il 21 Gennaio 1959) 


Recently the great importance has 
been pointed out of the (y, pn) reactions 
in light nuclei specially in connection 
with the quasi-deuteron model (1) of the 
photonuclear reactions. Unfortunately 
there are only very few cases where it 
is possible to measure the (y, pn) process 
through the residual activity method. 

The 32S nucleus is particularly favor- 
able for this kind of research and actually 
it was the object of many earlier measu- 
rements (**), very carefully done espe- 
cially in the threshold region. Now our 
interest in this case is confined in the 
energy region far above threshold and 


(*) On leave of Universidade de S. Paulo, 
Brazil. Fellow of the Conselho Nacional de 
Pesquisas, Brazil. 

(*) J. LEVINGER: Phys. Rev., 84, 43 (1951); 
K. G. DEDRICK:. Phys. Rev., 100, 58 (1955); 
K. Govtrriep: Nucl. Phys., 5, 557 (1958). 

@) L. Karz and A. S. PENFOLD: Phys. Rev., 
81, 815 (1951). 

(*) L. Karz and A. G. W. CAMERON: Can. 
Journ. Phys., 29, 518 (1951). 

(*) S. S. VILLACA and J. GOLDEMBERG: 
Anais Acad. Brazil. Cienc., 27, 427 (1955); 
J. GOLDEMBERG and L. Marquez: Nucl. Phys., 
7, 202 (1958). 
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therefore we decided to extend the re- 
search up to the maximum X-ray energy 
available in this laboratory, that is, 
33 MeV. 

Together with the (y, pn) process we 
have also measured the (y,n) reaction 
and the fast neutron component, using 
the same experimental techniques de- 
scribed in ref. (5). The experimental 
results are collected in Table I while the 
cross-sections, calculated from the mea- 
sured yields with the Penfold-Leiss (°) 
method, are shown in Fig. 1. 

The results that can be emphasized 
are the following: 


1) The (y, pn) cross-section seems 
to present a Maximum, very broad in- 
deed, above 30 MeV, being this result 
in striking disagreement with the re- 
sult of ref. (?) and (3). 


(6) F. FERRERO, R. MALVANO, S. MENARDI 
and O. TERRACINI: Nucl. Phys., 9, 33 (1958). 
(°) A. S. PENFOLD and J. E. Lriss: Analysis 
of Photonuclear Reactions. Phys. Res. Lab. Uni- 
versity of Illinois (Champaign, Ill.), May 1958. 
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TABLE I. 
| MeV 
En | r 30 | 
acti in 328 mx | A; 2 od 
| Reaction in 228 (MeV) | (MeV) dis. em?/mol. MeV ui basti 
(y, n) Ae ee 6 | 7.2 -10-5 0.093 
- | | 
(Y. pn) > 30 | == 1.12-10-5 0.028 
| (y, n) + (y, pn) 214.05 | 10.5 | 8.32-10-5 0.121 
(y; n)-fast 20 | 1.91-10-5 4 
| (E > 5.5 MeV) > 30 ad RIGO wee 
eee | 


very small at 30 MeV while the fast 


neutron component (£, > 5.5 MeV), mea- 
sured by a (n, p) silicon threshold de- 
tector, is of the same order of magni- 
tude as the [(y,n)+ (y, np)] cross-section. 

This last result is very peculiar and 
is difficult to be explained with a two 


2) The (y, n) contribution becomes 
S 


step reaction (7), while it is more likely 
to be in agreement with a quasi-deuteron 


model. In order to put the argument 
on a quantitative basis other measure- 
ments are in progress in this laboratory. 


(*) A. Horman and P. STOLL: Helv. Phys. 
Acta, 31, 591 (1958). ; 
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On the Observation of x-mesons Emitted 


in the Interaction in Emulsion of K -mesons. 


EUROPEAN COLLABORATION 


M. C. AMERIGHI, F. BALDASSARE, M. BENISTON, A. BonETTI, D. H. Davis, 
M. Dr Corato, C. DirwortH, E. FERREIRA (*), E. FROTA-PEssoa (*), W. B. LASICH, 
N. RAINA, M. RENÉ, J. Sacton and A. E. SICHIROLLO 


Istituto di Pisica dell’ Università - Bari 
Laboratoire de Physique Nucléaire de Vl Université Libre - Bruxelles 
Physics Department of the University College - London 
Istituto di Scienze Fisiche dell’ Università - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto 18 Marzo 1959) 


1. — Introduction. 


In continuation of the work of the 
European Collaboration on K° inter- 
actions at rest, a second stack has been 
exposed to a filtered K™ beam. This 
stack is of the Ilford K-5 emulsion, and 
presents certain advantages over the 
previous one for the study of fast par- 
ticles, having larger dimensions, a slightly 
higher grain density and lower back- 
ground fog. 

In a preliminary survey of the ma- 
terial the percentage of lightly ionizing 
tracks observed in the K™ stars at rest 
appeared to be higher than in the 
previous work (1). This point was of 
immediate interest, since in the previous 
work two difficulties were encountered, 


(*) On leave of absence from Pesquisas 
Fisicas, Rio de Janerio. 

(4) G. ALEXANDER et al. (EUROPEAN COL- 
LABORATION): Nuovo Cimento, in press. 
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which could be resolved if there had 
been a larger scanning loss of x-mesons 
than was estimated. These difficulties 
were: 


1) The difficulty of attribution of 
about 400 out of 3024 events to either 
K--N or K -2N interactions. 


2) The lack of very high energy 
Tt-mesons (£ > 100 MeV) associated with 
direct production of A° hyperons in the 
reaction (K N, x_A). 


Four groups (Bari, Bruxelles, Milan, 
London) have therefore examined the 
question and this letter contains their 
preliminary results. 


2. — Experimental method. 


Grey tracks in the beam direction 
were picked up at about 1 em from the 
entrance edge of the stack, and followed 
to their end. Those track endings falling 


92 EUROPEAN COLLABORATION 


TABLE I. 
| Dip of m-meson 0-14)5° 14.5° 30° | 30 =48.6° | 48.6 —60° 
(a) FASI Da Der | i 
No. of events 117 | 104 | 123 | 58 
| Depth vir ; | 
| above glass | (59 100) (100 +200) (200 +300) (300 +400) (400 + 500) (500 +550)| 
| of K “stars | Pimp TA um um um um) 
| containing | | 
(b) | à m-meson | | 
Ney of | | 
events | 36 | 79 Th ile ÉTÉ 72": | 0688 


within 50 um of either surface of the were made on tracks with o endings to 

emulsion were discarded from the sta- separate Ko’s from protons. 

tistics. 1148 K° interactions at rest were 
Measurements of ionization and range thus selected. 
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Fig. 1. — Distribution in blob density of r-mesons and «fast» baryons. All the tracks with blob 
density > 28 blobs/100 um were followed to such an extent as to identify the particle as: 
either a r-meson or a baryon. No baryon with density <32 blobs/100 um was observed. 
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The search for x-mesons emitted in 
the K interaction was carried out in 
two steps. First all black and « grey » 
tracks were followed to rest, and their 
nature and energy so determined. Then 
a careful search was made for «light » 
tracks. This care involved a scrutiny 
of the K~ endings by as many as 4 inde- 
pendent observers at different times. 
During the final scrutiny which lasted 
up to 20 min for each K ending the 


fast baryons from z-mesons. A cor- 
rection for solid angle was then applied 
to the resulting ~/K~ ratio. 

The distribution in dip and depth 
of the x-meson tracks at their origin, 
is given in Table I. 

On all tracks which were not fol- 
lowed to rest, between 500 and 1000 blobs 
were counted on at least three different 
plates, in the central 400 um of emulsion. 
It was necessary to count in more than 


TABLE II. 
ER No. of K° |No. of r-mesons} r/K ratio 
at rest observed (%) | 
| 
| BACCHELLA et al. (2) 391 | 118 30 
CHADWICK et al. (3) 815 230 28.2 
EISENBERG et al. (4) 548 175 32 
il | ; | 
| EUROPEAN COLLABORATION (1) | 3 024 892 29.6 (33.2) (*) 
Present work 1148 | 390+(12) (**) | 39.2+(1.3) (*) 
(*) Corrected for scanning losses. 
+ 


e 


field of view was rotated slowly through 
360° by rotation either of the stage or 
‘of the microscope head, or the eyepiece 
‘cross wire was similarly rotated. 

In the analysis of the tracks emitted 
in the K~ stars, those tracks emitted at 
an angle of more than 60° to the plane 
-of the emulsions were discarded, in order 
to avoid ambiguity in the separation of 


() G. L. BACCHELLA, A. BERTHELOT, A. Bo- 
NETTI, O. Goussu, F. Livy, M. Rent, D. REVEL, 
J. Sacron, L. Scarsi, G. TAGLIAFERRI and 
-G. VANDERHAEGHE: Nuovo Cimento, 8, 215 (1958). 

(3) G. B. CHADWICK, S. A. DURRONI, P. B. 
Jones, J. W. G. WiGNaLL and D. H. Wiz- 
KINSON: Phil. Mag., 3, 1193 (1953). 

(4) Y. EISENBERG, W. Kocx, M. NICOLIG, 
M. SCHNEEBERGER and H. WINZELER: Nuovo 
«Cimento, 11, 351 (1959). 
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Bracketed figures refer to doubtful x-mesons. 


one or two plates since, due either to 
processing or to fluctuations in sensi- 
tivity in these new fine grain emulsions, 
important differences in blob density 
were found in certain zones of the plates. 

When the blob-density of the track 
was equal to or greater than that cor- 
responding to a proton of the maximum 
expected energy of 300 MeV (z-meson of 
45 MeV), the track was followed to its 
end or to the point at which, if a 7-meson, 
it would have come to rest already, and 
a second blob count made. No baryon 
with blob density lower than that corre- 
sponding to 230 MeV was observed. 

Fig. 1 shows the distribution in blob 
density of all 7-mesons and of the « fast » 
baryons with energy > ~100 MeV. 

For particles which interacted in 


94 EUROPEAN COLLABORATION 


flight or left the stack after a few mm, 
the value of pf was determined by scat- 
tering in order to assure the separation 
of x-mesons from protons. Where the: 
available track length was too short to 
allow scattering determination, the track 


2) Errors in the solid angle cor- 
rection, due to errors in measurement. 
of the dip of the particle near the cut-off, 
fluctuations in thickness of the plates 
and uncertainty in the mean thickness 
of the plates of this stack. The first: 


TABLE III. 
| Present work Previous work (1) 
ri | No. of = | Ratio t/K in ||Ratio x/K-| Mean Kin. % Loss of 
No. of % of mesons | the class (cor-|;n the class) Energy of r's| _ =-mesons 
K -mesons|total K~| (angle of | rected to total (%) in the class | deduced from 
dip <60°) | solid angle) (%) (MeV) present work 
| 
| Ko 112 9.8 — — — — —- 
Ko, 214 18.6 66+(5) | 36 +(3) 27 79 33 
Ko, 333 29.0 |164+(4) | 57 +(1) 51.5 52.5 10.7 
| Ko, 207 18.0 64+(2) | 36 +(1) 32.8 b1 9.8 
| Ko, 141 12.3 40+ (1) | 33 +(1) 22.4 
Ko; 102 8.9 44 50 32.5 50 52 
Kos, 59 3.4 12 35 25.0 
Total| 1148 — 290+(12)| 39.2 + 29.6+1.1 — 32.5 + 
| Aaa +(4.5) +2.3 


was listed as doubtful. Owing to the 
difficulties of following close to the beam 
direction, some tracks had to be aban- 
doned after a short distance. There 
were 3 instances of this, and these 
are also shown as doubtful events in 
Tables II and III. 


3. — Results. 


Among 1148 K stars examined, 
390 m-mesons were identified, and, 12 par- 
ticles classed as « doubtful x-mesons ». 
Applying the correction for the restric- 
tion of solid angle, this gives a x/K ratio 
of [39.2+(1.3)+2]%, a value substan- 
tially higher than that found in previous 
experiments (see Table II). 

This value is subject to the following 
uncertainties : 


1) Statistical fluctuations. 
lead to the given error of +2%. 


These 


two are random errors, the total effect 
on the x/K° ratio being negligible. The 
third effect leads to a systematic error. 
Measurements made in specimen plates 
indicate that the true mean thickness 
does not differ from the nominal value 
by more than 10%. With a deviation 
of 10% from the nominal thickness, 
the x/K ratio would change by +1%. 


3) Further observational loss. It 
is most probable that there still remains 
a scanning loss of the faster 7-mesons. 
A general scarcity of grains in the field 
of view, the existence of a large gap in 
the m-meson track at its origin, and, 
associated with either of these, a high 
distortion in the plate, will reduce the 
visibility of the track below observa- 
tional level. Plates were exchanged 
between the collaborating groups, so 
that a part of each sample could be 
re-examined. One or two additional 
Tt-mesons were found in each case, which 
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showed that while the efficiency of 
observation of all groups was compa- 
rable, it was always less than 100%. 


In Table III are given the numbers 
of r-mesons in the various types of 
K° stars and for comparison, the val- 
ues obtained in the previous work (1). 
Table IV shows the percentages of z-me- 
sons below and above 45 MeV, as well as 


95 
4. — Conclusions. 


1) The value of the x/K ratio 
found in this work, [39.2+(1.3)+2]%, is 
higher than was previously estimated. 


2) A comparison with the previous 
work of this collaboration shows that 
the scanning loss there was chiefly 
among the higher energy 7-mesons in 


Tapia LV: 


Kinetic energy 


% of x-mesons and fast baryons 


present work 


5 i (*) Corrected for scanning losses. 
=. 


those of «fast» baryons in the interval 
(60—300) MeV, together with the corre- 
sponding values from (1). 

From these two tables, some idea 
can be got of the cause of loss of fast 
particles in the previous experiment: 


1) The factor of loss is higher for 
multi-pronged, (o>4) stars than in 
stars of one, two or three prongs. This 
implies that the more complex was the 
event, the less carefully it was examined, 
as might be expected. 


2) Among the stars with fewest 
prongs, the greatest loss of z’s was that 
among the Ko, events. This may be 
attributed to the higher mean energy 
of the mesons in this type of event. 
There is a corresponding reduction in 
the percentage of Ko events. That the 
higher energy 7x-mesons are those 
which escape observation appears from 
Table IV. 
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| previous work (1) | 
T-mesons 
0 < E < 45 MeV 10.5+1 10.0 +0.6 
E > 45 MeV 28.7+1.7 19.6 +0.8 
(23.2 +1) (*) 
Baryons 
60 MeV < E< 300 MeV 14.7+1.1 14.2+0.7 


Ko, stars and among the multi-pronged 
events. 


3) This implies a larger proportion 
of hyperons produced directly in the 
interaction 


K_+N —7x-+A, 


and that the absorption of x-mesons is 
even smaller than previously estimated. 


4) The importance of the loss of 
m-mesons in previous work requires a 
reassessment also in the study of X hy- 
perons, of the branching ratio 


Z+>nt/Z++p, 


of the sign ratio, and possibly of the 
lifetime. 


5) The estimation of the frequency 
of K -2N interactions, if based on the 
number of events not associated with 
m-mesons, is likely to lead to an over- 
estimate. ‘ 


LIBRI RICEVUTI E RECENSIONI 


K. B. MATHER and P. Swan: Nuclear 
Scattering. Cambridge University 
Press, 1958; pp. 469; 80 s. 


È un libro completo sullo scattering 
nucleare, in cui il lettore trova un’ampia 
esposizione sia della parte propriamente 
tecnica, sia della interpretazione teorica 
dei risultati. Quanto ai risultati, l’espo- 
sizione è aggiornata al 1957. 

Questo libro è senz’altro utile a chi 
lavora in fisica nucleare ed è, a mio parere, 
da consigliarsi a chi inizia delle ricerche 
in questo campo. La breve esposizione 
che segue, del contenuto dell’opera pre- 
ciserà questo giudizio. Infatti la tratta- 
zione della materia segue, si può dire, 
le varie parti e fasi dell’esperienza. 

Gli autori iniziano con la descrizione 


delle sorgenti di particelle veloci, dei 
vari tipi di bersaglio, delle misure di 
intensità ed energia del fascio. Essi, de- 
scrivono poi vari tipi di rivelatori di 
particelle (cariche e neutre) ed alcune di- 
sposizioni sperimentali d’insieme tipiche 
per esperienze con neutroni o protoni. 

Nella seconda parte del testo gli 
autori espongono i risultati relativi alle 
interazioni nucleone-nucleone, nucleone- 
nucleo nei vari intervalli di energia e la 
interpretazione teorica di questi risultati. 

Data la vastità della materia trattata 
nel libro, è evidente che per ulteriori pre- 
cisazioni e approfondimenti il lettore 
dovrà rivolgersi a testi specializzati sia 
nel campo tecnico, che nella parte teorica. 
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